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Asymptotic assumptions

(H1) We assume that there exists a positive constant C1 such that N−1
v

∑
i∈Uv

y2
i < C1.

(H2) We assume that lim
v→∞

nv
Nv

= π ∈ (0, 1).

(H3) There exists a positive constant c such that min
i∈Uv

πi > c > 0; also, we assume that

lim sup
v→∞

nv max
i 6=`∈Uv

|πi` − πiπ`| <∞.

(H4) We assume that there exists a positive constant C2 such that, for all i ∈ Uv, ||xi||22 ≤

C2pv, where || · ||2 denotes the usual Euclidean norm.

(H5) We assume that ||β̂||1 = Op(pv), where β̂ is the least square estimator given in (8)

in the main article and || · ||1 denotes the L1 norm.

Proof of Result 3.1

Result 3.1. Assume (H1)-(H5). Consider a sequence of GREG estimators {t̂greg}v∈N of ty.

Then,

1

Nv
(t̂greg − ty) = Op

(√
p3
v

nv

)
.
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If the numbers of auxiliary variables {pv}v∈N and the sample sizes {nv}v∈N satisfy p3
v/nv =

o(1), then N−1
v (t̂greg − ty) = op(1).

Proof. We adapt the proof of Robinson and Särndal (1983) to a high-dimensional setting.

Let Ii be the sample membership indicator for unit i such that Ii = 1 if i ∈ S and Ii = 0,

otherwise. Let αi := Ii/πi − 1 for all i ∈ Uv. We consider the following decomposition:

1

Nv

(
t̂greg − ty

)
=

1

Nv

∑
i∈Uv

αiyi −
pv∑
j=1

bj β̂j , (1)

where bj =
1

Nv

∑
i∈Uv

αixij for j = 1, 2, ..., pv. Now, the first term does not depend on the

auxiliary information and we have (Robinson and Särndal, 1983; Breidt and Opsomer, 2000):

Ep

(
1

Nv

∑
i∈Uv

αiyi

)2

=
1

N2
v

∑
i∈U

y2
i · Ep(α

2
i ) +

1

N2
v

∑
i∈Uv

∑
`∈Uv ,` 6=i

yiy` · Ep(αiα`). (2)

We have Ep(α
2
i ) = (1 − πi)/πi 6 1/c and for i 6= `, Ep(αiα`) = (πi` − πiπ`)/πiπ` 6

maxi,`∈Uv ,i 6=` |πi` − πiπ`|/c2 by Assumption (H3). It follows from (H1), (H2) and (H3) that

Ep

(
1

Nv

∑
i∈Uv

αiyi

)2

6
1

cN2
v

∑
i∈Uv

y2
i +

nvmaxi,`∈Uv ,i 6=` |πi` − πiπ`|
c2nvN2

v

∑
i∈Uv

∑
`∈Uv ,`6=i

|yiy`|

6

(
1

cNv
+
nvmaxi,`∈Uv ,i 6=` |πi` − πiπ`|

c2nv

)
1

Nv

∑
i∈Uv

y2
i = O

(
1

nv

)
(3)

and so,

∣∣∣∣ 1Nv

∑
i∈Uv

αiyi

∣∣∣∣ = Op

(
1√
nv

)
. (4)

Now, consider the second term from the right-side of (1):

∣∣∣∣ pv∑
j=1

β̂jbj

∣∣∣∣ 6
√√√√√
 pv∑
j=1

β̂2
j

 pv∑
j=1

b2j

 = ||β̂||2

√√√√ pv∑
j=1

b2j 6 ||β̂||1

√√√√ pv∑
j=1

b2j . (5)

By Assumption (H5), we have that ||β̂||1 = Op(pv). Furthermore,

√√√√ pv∑
j=1

b2j =
1

Nv

∣∣∣∣∣
∣∣∣∣∣∑
i∈Uv

αixi

∣∣∣∣∣
∣∣∣∣∣
2
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and

1

N2
v

Ep

∣∣∣∣∣
∣∣∣∣∣∑
i∈Uv

αixi

∣∣∣∣∣
∣∣∣∣∣
2

2

=
1

N2
v

∑
i∈Uv

||xi||22Ep(α
2
i ) +

1

N2
v

∑
i∈Uv

∑
`6=i∈Uv

x>i x`Ep(αiα`)

6
1

cN2
v

∑
i∈Uv

||xi||22 +
nvmaxi,`∈Uv ,i 6=` |πi` − πiπ`|

c2nvN2
v

∑
i∈Uv

∑
` 6=i∈Uv

|x>i x`|

6

(
1

cNv
+
nvmaxi,`∈Uv ,i 6=` |πi` − πiπ`|

c2nv

)
1

Nv

∑
i∈Uv

||xi||22

= O
(
pv
nv

)
, (6)

by Assumptions (H2)-(H4). It follows that

√√√√ pv∑
j=1

b2j = Op

(√
pv
nv

)
. (7)

The result follows by using (1), (4), (5), (7) and Assumption (H5):

1

Nv

∣∣t̂greg − ty
∣∣ 6 ∣∣∣∣ 1Nv

∑
i∈Uv

αiyi

∣∣∣∣+ ∣∣∣∣ pv∑
j=1

β̂jbj

∣∣∣∣ = Op

(
1√
nv

)
+Op

√ p3
v

nv

 = Op

√ p3
v

nv

 .

�

Proof of Result 3.2

Result 3.2. Assume (H1)-(H5). Consider a sequence of penalized model-assisted estimators

{t̂pen}v∈N of ty obtained by either ridge, lasso or elastic-net. Then,

1

Nv
(t̂pen − ty) = Op

(√
p3
v

nv

)
.

If the numbers of auxiliary variables {pv}v∈N and the sample sizes {nv}v∈N satisfy p3
v/nv =

o(1), then N−1
v (t̂pen − ty) = op(1).

Proof. From the proof of result (3.1), we only need to show that ||β̂pen||2 = Op(pv) or

||β̂pen||1 = Op(pv), where β̂pen is one of the penalized regression coefficient: ridge, lasso and

elastic-net.

Consider first the ridge regression coefficient, β̂ridge. The ridge regression estimator has the
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advantage of having an explicit expression. We will show that ||β̂ridge||2 < ||β̂||2 for λ > 0.

Let denote T̂λ = X>Sv
Π−1
Sv
XSv + λIpv =

∑
i∈Sv

xix
>
i

πi
+ λIpv sample counterpart of Tλ =

X>Uv
XUv +λIpv =

∑
i∈Uv

xix
>
i +λIpv . Moreover, let λ̂1 ≥ λ̂2 ≥ . . . ≥ λ̂pv be the eigenvalues

of
∑

i∈Sv
xix
>
i /πi in decreasing order and v̂j the orthonormal corresponding eigenvectors,

j = 1, . . . , pv. Then, the eigenvalues of the matrix T̂λ are λ̂1 + λ ≥ λ̂2 + λ ≥ . . . ≥ λ̂pv + λ ≥

λ > 0 with the same eigenvectors v̂j , j = 1, . . . , pv. Using the same arguments as those

used in Hoerl and Kennard (1970), we obtain β̂ridge =
∑pv

j=1(λ̂j+λ)
−1v̂jv̂

>
j X

>
Sv

Π−1
Sv

ySv and

β̂ =
∑pv

j=1(λ̂j)
−1v̂jv̂

>
j X

>
Sv

Π−1
Sv

ySv . Let denote by cj = v̂>j X
>
Sv

Π−1
Sv

ySv ∈ R, then

||β̂ridge||22 =

pv∑
j=1

c2
j

(λ̂j + λ)2
< ||β̂||22 =

pv∑
j=1

c2
j

(λ̂j)2
for λ > 0.

It follows that ||β̂ridge||2 < ||β̂||2 ≤ ||β̂||1 = Op(pv) and we get ||β̂ridge||2 = Op(pv).

We now consider the lasso regression estimator, β̂lasso, which minimizes the design-based

version of the optimization problem given in (13) in the main article:

β̂lasso = argmin
β∈Rp

∑
i∈Sv

1

πi
(yi − x>i β)

2 + λ||β||1.

The lasso-estimator β̂lasso may be also obtained as the solution of a constrained optimization

problem:

min
β∈Rp

∑
i∈Sv

1

πi
(yi − x>i β)

2

under the constraint

||β||1 ≤ C,

for some small enough constant C > 0. If the ordinary least-square estimator β̂ satisfies the

constraint, namely if ||β̂||1 ≤ C, then the solution of the constrained optimization problem

is β̂lasso = β̂; otherwise, if ||β̂||1 > C, then the solution β̂lasso will be different from the

least-square estimator β̂ and ||β̂lasso||1 ≤ C < ||β̂||1. So, in both cases, we have ||β̂lasso||1 ≤

||β̂||1 = Op(pv).

Finally, consider the elastic-net regression estimator, β̂en. Consider the following objective
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functions:

Lols(β) =
∑
i∈Sv

1

πi
(yi − x>i β)

2

Len(β) =
∑
i∈Sv

1

πi
(yi − x>i β)

2 + λ1||β||1 + λ2||β||22 = Lols(β) + λ1||β||1 + λ2||β||22,

where λ1 = λα and λ2 = λ(1 − α) with λ > 0 and α ∈ (0, 1). The cases α = 0 and α = 1

lead, respectively, to the ridge and lasso regression estimators which have been discussed

above. The ordinary least squares estimator β̂ verifies β̂ = argminβ∈Rp Lols(β) and the

elastic-net estimator verifies β̂en = argminβ∈Rp Len(β). Since β̂ minimizes Lols(β), we have

Lols(β̂) 6 Lols(β̂en). Similarly, we have Len(β̂en) 6 Len(β̂ols). Therefore, the following

inequalities hold:

Lols(β̂) + λ1||β̂en||1 + λ2||β̂en||22 6 Lols(β̂en) + λ1||β̂en||1 + λ2||β̂en||22 = Len(β̂en)

6 Lols(β̂) + λ1||β̂||1 + λ2||β̂||22 = Len(β̂ols),

which implies

λ1||β̂en||1 + λ2||β̂en||22 6 λ1||β̂||1 + λ2||β̂||22. (8)

Furthermore, since λ1 > 0, we can write

λ2||β̂en||22 6 λ1||β̂en||1 + λ2||β̂en||22. (9)

Using (8), (9) and the fact that ||β̂||2 6||β̂||1, we obtain

λ2||β̂en||22 6 λ1||β̂||1 + λ2||β̂||22 6 λ1||β̂||1 + λ2||β̂||21

which implies

||β̂en||22 6
α

1− α
||β̂||1+||β̂||21 = Op(p

2
v)

and so, ||β̂en||2 = Op(pv).

�
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Proof of Result 3.3

Result 3.3. Assume (H1)-(H4). Also, assume that there exists a positive constant C̃ such

that λmax(X>Uv
XUv) 6 C̃Nv, where λmax(X>Uv

XUv) is the largest eigenvalue of X>Uv
XUv .

Assume also that Nv/λv = O(1).

1. Then, there exists a positive constant C such that Ep
[
||β̂ridge||22

]
6 C and

1

Nv
Ep
∣∣∣∣t̂ridge − ty

∣∣∣∣ = O(√ pv
nv

)
.

If the numbers of auxiliary variables {pv}v∈N and the sample sizes {nv}v∈N satisfy

pv/nv = o(1), then N−1
v Ep|t̂ridge − ty| = o(1).

2. Ep(||β̂ridge−β̃ridge||22) = O(pv/nv). Thus, if pv/nv = o(1), then Ep(||β̂ridge−β̃ridge||22) =

o(1).

3. We have the following asymptotic equivalence:

1

Nv

(
t̂ridge − ty

)
=

1

Nv

(
t̂diff,λ − ty

)
+Op

(
pv
nv

)
,

where

t̂diff,λ =
∑
i∈Sv

yi/πi −

(∑
i∈Sv

xi/πi −
∑
i∈Uv

xi

)>
β̃ridge

and

1

Nv
Ep
∣∣∣∣t̂ridge − ty

∣∣∣∣ = O( 1
√
nv

)
+O

(
pv
nv

)
.

If pv = O(nav) with 0 ≤ a < 1/2, then

1

Nv

(
t̂ridge − ty

)
=

1

Nv

(
t̂diff,λ − ty

)
+ op (1)

and
1

Nv
Ep
∣∣∣∣t̂ridge − ty

∣∣∣∣ = O( 1
√
nv

)
.

Proof. 1. As in the proof of result (3.2), we consider the eigenvalues of the matrix T̂λ

in decreasing order: λ̂1 + λ ≥ λ̂2 + λ ≥ . . . ≥ λ̂pv + λ ≥ λ > 0. The matrix T̂λ is
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always invertible and the eigenvalues of T̂−1
λ are 0 < (λ̂1 + λ)−1 ≤ (λ̂2 + λ)−1 ≤ . . . ≤

(λ̂pv + λ)−1 ≤ λ−1. We then obtain

||T̂−1
λ ||2 6 λ

−1, (10)

where || · ||2 is the spectral norm matrix defined for a squared p × p matrix A as

||A||2 = supx∈Rp,||x||2 6=0 ||Ax||2/||x||2. For a symmetric and positive definite matrix A,

we have that ||A||2 = λmax(A), where λmax(A) is the largest eigenvalue of A. Now,

we can write

1

N2
v

∣∣∣∣∣∣∣∣ ∑
i∈Sv

xiyi
πi

∣∣∣∣∣∣∣∣2
2

=
1

N2
v

∑
i∈Uv

∑
`∈Uv

x>i x`
yiIi
πi

y`I`
π`

=
1

N2
v

Y>XUvX
>
Uv
Y

6
1

Nv
||Y||22

1

Nv
||XUvX

>
Uv
||2,

where Y> =

(
yiIi
πi

)
i∈Uv

. The symmetric and positive semi-definite Nv × Nv matrix

XUvX
>
Uv

has the same non-null eigenvalues as those of the positive definite pv × pv

matrix X>Uv
XUv ,. Therefore,

1

Nv
||XUvX

>
Uv
||2 =

1

Nv
λmax(X

>
Uv
XUv) 6 C̃.

Using Assumptions (H1) and (H3), we have

1

N2
v

∣∣∣∣∣∣∣∣ ∑
i∈Sv

xiyi
πi

∣∣∣∣∣∣∣∣2
2

6
C̃

Nv
||Y||22 =

C̃

Nv

∑
i∈Uv

y2
i Ii
π2
i

6
C̃

c2Nv

∑
i∈Uv

y2
i = O(1).

Finally, using also the fact that Nv/λ = O(1), we have

||β̂ridge||22 6||T̂−1
λ ||

2
2

∣∣∣∣∣∣∣∣ ∑
i∈Sv

xiyi
πi

∣∣∣∣∣∣∣∣2
2

6 N2
vλ
−2

∣∣∣∣∣∣∣∣ 1

N2
v

∑
i∈Sv

xiyi
πi

∣∣∣∣∣∣∣∣2
2

= O(1).

It follows that

Ep

[
||β̂ridge||22

]
= O(1). (11)

To obtain the L1 design-consistency of the ridge model-assisted estimator, we write as
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in the proof of Result 3.1:

1

Nv

(
t̂ridge − ty

)
=

1

Nv

∑
i∈Uv

αiyi −
pv∑
j=1

bj β̂j,ridge

=
1

Nv

∑
i∈Uv

αiyi −
1

Nv

(∑
i∈Uv

αixi

)>
β̂ridge

and

Ep

∣∣∣∣ 1Nv

(
t̂ridge − ty

) ∣∣∣∣ 6 Ep

∣∣∣∣ 1Nv

∑
i∈Uv

αiyi

∣∣∣∣+
√√√√Ep

(
1

N2
v

∣∣∣∣∣∣∣∣ ∑
i∈Uv

αixi

∣∣∣∣∣∣∣∣2
2

)
Ep||β̂ridge||22

= O
(√

1

nv

)
+O

(√
pv
nv

)
= O

(√
pv
nv

)

by (3), (6), (11).

2. We can write

β̂ridge − β̃ridge = T̂−1
λ

(∑
i∈Sv

Eiλ
πi
−
∑
i∈Uv

Eiλ

)
, (12)

where Eiλ = xi(yi−x>i β̃ridge) with
∑

i∈Uv
Eiλ = λIpv β̃ridge. Using the same arguments

as those used in the proof of Result 3.1, we get

1

N2
v

Ep

∣∣∣∣∣∣∣∣ ∑
i∈Sv

Eiλ
πi
−
∑
i∈Uv

Eiλ

∣∣∣∣∣∣∣∣2
2

6

(
1

cNv
+
nvmaxi,`∈Uv ,i 6=` |πi` − πiπ`|

c2nv

)
1

Nv

∑
i∈Uv

||Eiλ||22.

(13)

Furthermore,

1

Nv

∑
i∈Uv

||Eiλ||22 6
2C2pv
Nv

(∑
i∈Uv

y2
i +

∑
i∈Uv

(x>i β̃ridge)
2

)
= O(pv) (14)

by Assumptions (H1) and (H4) and the fact that

1

Nv

∑
i∈Uv

(x>i β̃ridge)
2 = β̃

>
ridge

(
1

Nv

∑
i∈Uv

xix
>
i

)
β̃ridge 6 ||β̃ridge||22

1

Nv
||X>Uv

XUv ||2 = O(1).

(15)

To obtain the above inequality, we have also used the fact that ||β̃ridge||2 = O(1)
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which can be proved by using the same arguments as the ones used for showing that

||β̂ridge||2 = O(1) in point (1). Expressions (13) and (14) lead to

1

N2
v

Ep

∣∣∣∣∣∣∣∣ ∑
i∈Sv

Eiλ
πi
−
∑
i∈Uv

Eiλ

∣∣∣∣∣∣∣∣2
2

= O
(
pv
nv

)
. (16)

The result follows from (12), (16) and the fact that ||NvT̂
−1
λ ||2 = O(1) :

Ep||β̂ridge − β̃ridge||22 = O
(
pv
nv

)
. (17)

3. We use the following decomposition:

1

Nv

(
t̂ridge − ty

)
=

1

Nv

(
t̂diff,λ − ty

)
− 1

Nv

(∑
i∈Sv

xi
πi
−
∑
i∈Uv

xi

)> (
β̂ridge − β̃ridge

)
,

and

1

Nv

(
t̂diff,λ − ty

)
=

1

Nv

(∑
i∈Sv

yi
πi
−
∑
i∈Uv

yi

)
− 1

Nv

(∑
i∈Sv

xi
πi
−
∑
i∈Uv

xi

)>
β̃ridge

=
1

Nv

∑
i∈Uv

αiyi −
1

Nv

∑
i∈Uv

αix
>
i β̃ridge,

where αi = Ii/πi − 1, i ∈ Uv. From (3), we have that N−2
v Ep(

∑
i∈Uv

αiyi)
2 = O(n−1

v )

and we can get N−2
v Ep

(∑
i∈Uv

αix
>
i β̃ridge

)2
= O(n−1

v ) by using similar arguments as

those used in the proof of Result 3.1 and (15). We obtain

1

N2
v

Ep

(
t̂diff,λ − ty

)2
= O

(
1

nv

)
.

The result follows since

1

Nv
Ep
∣∣∣∣t̂ridge − ty

∣∣∣∣ 6 1

Nv
Ep
∣∣∣∣t̂diff,λ − ty

∣∣∣∣+
√√√√ 1

N2
v

Ep
∣∣∣∣∣∣∣∣ ∑
i∈Sv

xi
πi
−
∑
i∈Uv

xi

∣∣∣∣∣∣∣∣2
2

Ep
∣∣∣∣∣∣∣∣β̂ridge − β̃ridge

∣∣∣∣∣∣∣∣2
2

= O
(

1
√
nv

)
+O

(
pv
nv

)

by using (6) and (17).

�
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Proof of Proposition 3.1

Proposition 3.1. Suppose assumptions (H1)-(H3) and that the sampling design and the X-

variables are such that the columns of Π
−1/2
Sv

XSv are orthogonal. Suppose also that there

exist positive quantities C3 and C4 such that maxj=1,...,pvN
−1
v

∑
i∈Uv

x4
ij ≤ C3 < ∞ and

minj=1,...,pvN
−1
v

∑
i∈Uv

x2
ij ≥ C4 > 0. Then, N−1

v (t̂greg − ty) = Op(
√
pv/nv) and N−1

v (t̂pen −

ty) = Op(
√
pv/nv), where t̂pen denotes either the lasso or the elastic-net estimator.

Proof. From the proof of Result 3.1 (more specifically, Equations 5 and 6), we need to show

that
∑

i∈Uv
||xi||22/Nv = O(pv) and that ||β̂||2 = Op(1). The same result holds for β̂lasso

and β̂en. We have
∑

i∈Uv
||xi||22/Nv =

∑pv
j=1

∑
i∈Uv

x2
ij/Nv ≤ pv

√
C3 = O(pv) under the

assumption of uniformly bounded forth moment of Xj , j = 1, . . . , pv.

We first show that, under the assumed orthogonality condition, ||β̂lasso||2 ≤ ||β̂||2,

||β̂en||2 ≤ ||β̂||2 and also ||β̂||2 = Op(1).

Consider again the objective function Lols(β) as in the proof of Result 3.2. We can write

Lols(β) =
∑
i∈Sv

1

πi
(yi − x>i β)

2 =
∑
i∈Sv

(ỹi − x̃>i β)
2 (18)

where ỹi = yi/
√
πi and x̃i = (x̃ij)

pv
j=1 = xi/

√
πi for all i ∈ Sv. Let X̃Sv = Π

−1/2
Sv

XSv =

(x̃>i )i∈Sv = (X̃1, . . . , X̃pv). The columns of X̃Sv , denoted by X̃j , j = 1, . . . , pv are assumed to

be orthogonal. This means that X̃>j X̃k = 0 for j 6= k. The ordinary least-square estimator β̂

is given by

β̂ = (X̃>Sv
X̃Sv)

−1X̃>Sv
ỹSv .

Under the orthogonality condition, X̃>Sv
X̃Sv is a diagonal matrix with diagonal elements

given by ||X̃j ||22 =
∑

i∈Sv
x̃2
ij =

∑
i∈Sv

x2ij
πi
, which corresponds to the Horvitz-Thompson

estimator of
∑

i∈Uv
x2
ij . Therefore, β̂ = (β̂j)j∈Sv and the j-th coordinate is given by β̂j =

(
∑

i∈Sv
x̃2
ij)
−1
∑

i∈Sv
x̃ij ỹi.

The lasso estimator β̂lasso = (β̂j,lasso)
pv
j=1 as well as the elastic-net estimator β̂en =

(β̂j,en)
pv
j=1 are obtained by using the cyclic soft-thresholding algorithm (Hastie et al., 2011):

β̂j,lasso =
Sλ(
∑

i∈Sv
rij x̃ij)∑

i∈Sv
x̃2
ij

10



and

β̂j,en =
Sλα(

∑
i∈Sv

rij x̃ij)∑nv
i=1 x̃

2
ij + λ(1− α)

,

where rij = ỹi −
∑

k 6=j x̃ikβ̂k and Sλ(z) = sign(z)(|z| − λ)+ is the soft-thresholding function

with (|z|−λ)+ = |z|−λ if |z| ≥ λ, and zero otherwise. If the columns of X̃Sv are orthogonal,

then
∑

i∈Sv
rij x̃ij =

∑
i∈Sv

x̃ij ỹi and β̂j,lasso is the soft-threshold estimator of the least-square

estimator β̂j :

β̂j,lasso =
Sλ(
∑

i∈Sv
x̃ij ỹi)∑

i∈Sv
x̃2
ij

.

The elastic-net estimator is given by

β̂j,en =
Sλα(

∑
i∈Sv

x̃ij ỹi)∑
i∈Sv

x̃2
ij + λ(1− α)

.

It follows that

|β̂j,lasso| =
|(|
∑

i∈Sv
x̃ij ỹi| − λ)+|∑
i∈Sv

x̃2
ij

≤
|
∑

i∈Sv
x̃ij ỹi|∑

i∈Sv
x̃2
ij

= |β̂j |, j = 1, . . . , pv

and ||β̂lasso||2 ≤ ||β̂||2. Similarly, ||β̂en||2 ≤ ||β̂||2.

We now show that ||β̂||2 = Op(1). We have

||β̂||2 ≤ ||Nv(X̃
>
Sv

X̃Sv)
−1||2

∣∣∣∣∣∣∣∣ 1Nv
X̃>Sv

ỹSv

∣∣∣∣∣∣∣∣
2

.

The matrix X̃>Sv
X̃Sv is diagonal with diagonal elements equal to

∑
i∈Sv

x2ij
πi
. Then,

||Nv(X̃
>
Sv

X̃Sv)
−1||2 = max

j=1,...,pv

 1

N−1
v
∑

i∈Sv

x2ij
πi


and for all j = 1, . . . , pv :

1

N−1
v
∑

i∈Sv

x2ij
πi

=
1

N−1
v
∑

i∈Uv
x2
ij

+Op

(
1
√
nv

)
= Op(1)

by using (H2), (H3) and the assumption of uniformly bounded fourth moment

of Xj , j = 1, . . . , pv. We have also used the fact that 1/(N−1
v

∑
i∈Uv

x2
ij) ≤

11



1/(minj=1,...,pv N
−1
v

∑
i∈Uv

x2
ij) ≤ 1/C4 = O(1) for all j = 1, . . . , pv. Then,

||Nv(X̃
>
Sv

X̃Sv)
−1||2 = Op(1). (19)

Now, ∣∣∣∣∣∣∣∣ 1Nv
X̃>Sv

ỹSv

∣∣∣∣∣∣∣∣2
2

≤ 1

Nv
||ỹSv ||

2
2

∣∣∣∣∣∣∣∣ 1Nv
X̃SvX̃

>
Sv

∣∣∣∣∣∣∣∣
2

.

We have

∣∣∣∣∣∣∣∣ 1Nv
X̃SvX̃

>
Sv

∣∣∣∣∣∣∣∣
2

=

∣∣∣∣∣∣∣∣ 1Nv
X̃>Sv

X̃Sv

∣∣∣∣∣∣∣∣
2

= max
j=1,...,pv

(
1

Nv

∑
i∈Sv

x2
ij

πi

)
≤ max

j=1,...,pv

(
1

Nv

∑
i∈Uv

x2
ij

)
≤
√
C3

and

1

Nv
||ỹSv ||22 =

1

Nv

∑
i∈Sv

y2
i

π2
i

≤ 1

c2Nv

∑
i∈Uv

y2
i ≤

C1

c2

by Assumption (H1). So, || 1
Nv

X̃Sv ỹSv ||2 = O(1) and combined with (19), we obtain ||β̂||2 =

Op(1).

�
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