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Abstract

Utilizing predictive modeling at different survey stages can improve the accuracy of a
point estimator or help tackle issues such as missing values. So far, the existing literature
on predictive models for survey data has predominantly concentrated on scenarios with
low-dimensional data, wherein the number of variables is small compared to the sample
size. In this paper, assuming a linear regression model, we show that customary variance
estimators based on a first Taylor expansion or jackknife may suffer from substantial bias
in a high-dimensional setting. We explain why this is so through a mix of theoretical
and empirical investigations. We propose some bias-adjusted variance estimators and
show, theoretically and empirically, that the proposed variance estimators perform well

in terms of bias, even in a high-dimensional setting.

Key words: Bias-adjusted variance estimator; Generalized regression estimator; Jackknife variance

estimation; Linear regression imputation; Taylor-based variance estimator.

1 Introduction

Predictive modeling can be applied at various stages of a survey to enhance the precision
of a point estimator and to address the problem of missing values, among others. Using

predictive models enables us to exploit a relationship between a survey variable Y and a



set of predictors X1, Xs,...,X,. For instance, model-assisted estimation procedures use a
set of predicted values to improve the efficiency of point estimators; e.g., see Sarndal (1992)
and Breidt and Opsomer (2017). To mitigate the potential nonresponse bias caused by item
nonresponse, it is common practice to employ some form of imputation, which involves gen-
erating a set of predictions to substitute for the missing values; e.g., see Haziza (2009) and

Chen and Haziza (2019).

The literature on predictive models for survey data has primarily focused on low-dimensional
data settings, where the number of variables p is small relative to the sample size n. Formal-
ized mathematically, it means that p/n — 0. Some notable exceptions include Cardot et al.
(2017), Ta et al. (2020), Chauvet and Goga (2022) and Dagdoug et al. (2022). With the
advent of big data sets, moderate to high-dimensional settings are becoming more prevalent.
In this article, a high-dimensional setting refers to a situation where the number of predictors

p is of the same magnitude as the sample size n so that p/n — x € (0,1).

High-dimensional linear regression models pose some challenges compared to traditional linear
regression models with fewer predictors. In this paper, we focus on variance estimation, an
important aspect for national statistical offices, which routinely produce measures such as
the coefficient of variation for point estimates or confidence intervals. This work constitutes a
first step in understanding the behavior of common variance estimators in high-dimensional
settings. We show that the common variance estimation procedures tend to break down when
p/n — Kk € (0,1) > 0. Specifically, variance estimators based on first-order Taylor expansions
tend to underestimate the variance of point estimators, while resampling procedures, such
as the jackknife and bootstrap, may substantially overestimate the true variance. In a low
dimensional setting, resampling methods in surveys are discussed in Wolter (2007), Mashreghi

et al. (2016), Wang et al. (2022), and Stefan and Hidiroglou (2024).

The contributions of this paper are as follows: (i) We explain why variance estimators based



on first-order Taylor expansions and jackknife variance estimators tend to break down, using a
mix of empirical and theoretical investigations. We consider two distinct setups involving the
customary linear regression model: (a) the model-assisted estimation framework, utilizing the
generalized regression estimator (see, e.g., Sarndal, 1980; Sarndal, 1992; Sarndal, 2007); and
(b) the deterministic linear regression imputation framework (e.g., Chen and Haziza, 2019).
(ii) In the context of Bernoulli sampling and simple random sampling without replacement,
we propose bias-adjusted variance estimators, that are shown to work well, at least in our

experiments.

We adopt the following notations. Let U := {1,2,..., N} be a finite population of size N.

Our interest lies in estimating the finite population mean

1
My = NkEZUyka

of a survey variable Y, where y; denotes the y-value attached to unit k. We select a sample,
S, of (expected) size n, according to a probability sampling design P(S | Z), where Z € RV*d
denotes the matrix of design information. We restrict our attention to non-informative sam-
pling designs; see, e.g., Pfeffermann and Sverchkov (2009). The sample S is fully characterized
by the vector of sample selection indicators, I := [I, Io, ... ,IN}T, where I, ;= 1if k € S,

and Iy, := 0, otherwise. We denote by m, :=P (I =1) > 0and mp : =P ([ = 1,1, =1) > 0,

for k,¢ € U, the first-order and the second-order inclusion probabilities, respectively.

2 Linear prediction in survey sampling

We consider the customary linear regression model:

Y = X5 B + €x, kel, (1)

where 3 is a p-vector of unknown coefficients and the errors ¢, are independent and identi-
cally distributed variables such that I [e;|x;] = 0, and E [€2|x;] := 0 < co. We assume that

the intercept is included in the covariates; i.e., the first component of xj is 1 for all k € U.



Although we assume a homoscedastic variance structure, our results can be extended to the

case of a heteroscedastic variance structure.

Below, we use the notation yg € R™ and X g € R™*P to denote the vector of y-values and

the design matrix corresponding to the sample, respectively. Also, we use ITg € R™*"s to

denote a diagonal matrix, whose k-th diagonal element is 7.

2.1 Model-assisted estimation

In this section, we assume that the observed data are given by

Do = {(Xk,yk) ; ke S}

In addition, we assume that the vector of population totals,

-
tx == [Z me,z:vm,mazivkp] ;

keU keU keU

is available from an external source. The Generalized REGression (GREG) estimator of s,

is defined by
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where
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is the weighted least squares estimator of 3:
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Throughout the paper, we assume, for simplicity, that the p x p matrix, Apg := X gHng S,

is non-singular.



In our setting, the GREG estimator can be written in the so-called projection form:

~ 1 ~
Hgreg = N Z XZ/BS

keU

since

—1~
Zﬁk €xs =0,

kesS

where €9 1= yp — Xg,@ g denotes the sample residual attached to unit k£ € S, (Sérndal et al.,

1992, Chapter 6).

In this section, as the reference distribution for studying the properties of variance estimators,
we use the joint distribution induced by the superpopulation model (1) and the sampling

design. Consider the following decomposition:

Vip (Hgreg) = Em [Vp (Hgreg)] + Vin (Ep [Hgreg]) » (4)

where the subscripts p and m are used to denote the sampling design and the model, respec-

tively.

Based on (4), an estimator of the variance of [ig ¢4 based on a first-order Taylor expansion is

given by
S Age ers Ees o2
Vioy = g D0 + (5)
reSics TR Tk T N
where 52 is defined by
~ 1 -~
% = > gk —x{ Bs)”. (6)
s =P s

The first term on the right side of (5) is the focus of this article. Indeed, the noise variance

estimator o2 in (6) is unbiased for any values of p and n. In view of that, in our proofs, we

assume without loss of generality that o2 is known.



As an alternative to the first term on the right side of (5), Sérndal et al. (1989) advocated

the use of a g-weighted version, leading to

Age gr€rs geers
7
DI I +7 (7)
kes tes
where
~ N\T .,
gr =1+ (tx — txﬂr> A gXp, kels, (8)

is the so-called g-weight attached to unit k € S, with jc\m denoting the Horvitz-Thompson
estimator of tx. Since the intercept is included in the model and the variance structure is

assumed to be homoscedastic, the g-weight in (8) reduces to

Gk = ty AgeX, kesS. (9)

Jackknife variance estimation for the GREG estimator has been discussed in Yung and Rao
(1996), Duchesne (2000) and Valliant (2002), among others. Here, we consider the generalized
jackknife variance estimator of Campbell (1980) and Berger and Skinner (2005). Let Egk =

X;—Aﬁ}gdkxk be the survey weighted leverage of element k& € S, with d = 771;1. The next

proposition gives a closed-form expression of the generalized jackknife variance estimator in

the case of the GREG estimator.

Proposition 2.1. An estimator of (/) based on the generalized jackknife variance estimator

of Berger and Skinner (2005) has a closed-formed formula given by

-~ Ape (1 —wy) gr s (1 —we) gr €s
Viack = 73 S 2 N (10)
kes tes TR (1 - hgk> Tk (1 - hee) e

where wy, := (N7p) " for ke S.

Proof. See Appendix B.1. |

2.2 Deterministic linear regression imputation

Predictions based on a linear regression model are also used in the context of imputation for

item nonresponse. In this context, the survey variable Y is observed only for a subset S, C .5,



called the set of respondents to item Y. We denote by S,, = S —.5, the set of nonrespondents
toitem Y. Let R :=[Ry, Ra, ..., RN]T be the N-vector of response indicators, where Ry, = 1
it k € S,, and Ry, = 0, otherwise. Here, the predictors Xi,...,X,, are assumed to be
available for both the respondents and the nonrespondents. We assume that: (i) The data
{(Xk, Yk, k) ey are identically and independently distributed; (ii) The data are Missing At

Random (Rubin, 1976, MAR):
P (Ry, = 1|xg,yx) = P (R = 1[xz) ;

(iii) The positivity assumption is satisfied; i.e., P (Rx = 1|xx) > 0, almost surely. Available

to the imputer are the data

Dimp = {(Xk,ur) 5 k€ ST}U{X;C i ke Sn}.

Imputation involves estimating the relationship between Y and Xi,..., X, based on the

respondents and applying this relationship to the nonrespondents.

An estimator of p, after deterministic linear imputation is given by

~ 1 Yk
Hir = 7277 (11)
N ez ™
where N := Y kes 7%_1 and Y := Rryr + (1 — Rg) X;,@R with

-1
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denoting the weighted least squares estimator of 3:
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In (12), the quantities X r, IIg and yp correspond to the counterparts of X g, Ilg and yg,

respectively, restricted to the set of respondents S,.



To estimate the variance of [i;., we consider the reverse framework, originally proposed by
Fay (1991) and Shao and Steel (1999); see also Kim and Rao (2009) and Haziza and Vallée

(2020). Using this framework, the total variance of fi;,. can be expressed as
V(ﬁlr) = EmEqu(,alr) + EquEp(:alr - /"y)v (13)

where the subscript ¢ denotes the nonresponse mechanism. Let us define ﬁgz = ngﬁ}%dZXg

and fk = Z%Sm /I{;&, where Apg := Xgl'[;leR. Again, we assume that the matrix Anp

is non-singular.

Proposition 2.2. An estimator of the variance of j; based on a first-order Taylor expansion

is given by
> 1 Ape & — fir & — [y | 0 1 82
Viey =522 2o +ﬁzﬁ{1_R’“(1+F’“)} L4
keS tes keS,
where
~ 1 ~
P= ) (X BR)’ (15)
" kes,
and
& = Uk + Rilk ek (16)

with gkR = Y — X;—BR, kes,.

The proof of Proposition 2.2 is straightforward and is thus omitted. We use a slight abuse of
notation here: 52 in (15) is different than that of (6); the former is to be used in a nonresponse

framework while the latter should be used with a model-assisted framework.

We now turn to jackknife variance estimation in the context of deterministic linear regression.
Berger and Rao (2006) extended the results of Berger and Skinner (2005) to the case of mean
and ratio imputation. We extend the results of Berger and Rao (2006) to the more general

setting of deterministic linear regression imputation.



Result 2.1. The estimator of the variance of . based on the generalized jackknife variance

estimator of Berger and Rao (2006) has a closed-form expression given by

~ = (k) ~ s (k) o2
- 1 Age firr — EV iy — € G 1 L2
‘/I,jack:ﬁzzﬂ_ikg ka k WZ +T2 ;{1_Rk(1+rk)} ’ (17)
N* (e5tes Tk k ¢ N# i3, Tk
where
S0k~ S kR
& = Uk Bl ——=—. (18)
1 —hf,
Proof. See Appendix B.2. [ ]

3 Behavior of some commonly used variance estimators: Em-

pirical studies

In this section, we present the results of two simulation studies. In Section 3.1, we first ex-
amine the empirical performance of the variance estimators described in Section 2.1, whereas

Section 3.2 considers the variance estimators discussed in Section 2.2. In the model-assisted

setup, we denote by k = p/n, the ratio of the number of predictors to the expected sample
size. In the linear regression imputation setup, we denote by x = p/E[n,], the ratio of the

number of predictors to the expected number of respondents.

3.1 Model-assisted estimation: the GREG estimator

We generated a finite population U of size N = 5,000 consisting of 203 explanatory variables

X1,...,X903, and a survey variable Y. The variables X1,..., X903, were generated from a

multivariate normal distribution with a mean vector equal to 5 x 17 and correlation matrix,
whose diagonal elements were equal to 1 and off-diagonal elements equal to 0.3, where 1
denotes the vector of ones. Given the X-variables, we generated a survey variable Y according

to the linear regression model
yr = 14 — 4x1) + 3xop + dx3) + €5, (19)

where the errors €, were generated from a normal distribution with mean equal to 0 and

variance equal to 20. This led to a model R? approximately equal to 0.6. In (19), note that



only the first three variables X1, X5, and X3 were used for generating the Y -variable.

From the population, we selected R = 10,000 samples of (expected) sample size n = 300,
according to two sampling designs: simple random sampling design without replacement and
Bernoulli sampling. In each sample, we computed several GREG estimators, [igreq, given
by (2), based on different sets of explanatory variables. In addition to X1, Xo and X3, we
included several noise variables denoted by ppoise- The values for pyeise Were set to: 0, 20, 40,

60, 80, 100, 120, 140, 160, 180, and 200. This led to 12 estimators, figreg, Of 11y To estimate

the variance of [igreg, we computed Yzay given by (5), ‘A/g given by (7), and ‘A/jack given by (10).

As a measure of bias of a variance estimator, we computed its Monte Carlo percent rela-
tive bias (RB). Using the generic notations i and V for a point and a variance estimator,

respectively, the RB of V is defined as

= VMC )

=1 2
RB(V) OOXRZ VMc (20)

where Vys¢ (1i) denotes the Monte-Carlo variance of 7i and V(") denotes the estimator V at
the rth iteration, » = 1,...,10,000. The results of Bernoulli sampling and for simple random

sampling without replacement are shown in Figures 1 and 2, respectively.

From Figures 2 and 1, we note that the three variance estimators performed well for small

values of k. For instance, for k = 3/300, which corresponds to the case of ppeise = 0, the
estimator f@ay exhibited a value of RB of about -1.7% for Bernoulli sampling and —0.7% for
simple random sampling without replacement. The g-weighted version 179 showed a bias of
-0.6% for Bernoulli sampling and of 0.2% for simple random sampling without replacement.
The jackknife variance estimator ‘zaok showed a bias of about 2.0% for Bernoulli sampling

and 2.8% for simple random sampling without replacement. However, for x = 83/300 ~ 0.28,

10



the RB of 17tay was equal to -46% in the case of Bernoulli sampling and -44.7% in the case
of simple random sampling without replacement. The magnitude of the underestimation got
worse as p/n increased. The g-weighted version X/}g did better than ‘//\?Cay with a value of RB
equal to -28% for Bernoulli sampling, and equal to -26.3% for simple random sampling with-
out replacement. On the other hand, the jackknife variance estimator exhibited significant
overestimation with values of RB equal to 36.5% in the case of Bernoulli sampling and 38.8%
in the case of simple random sampling without replacement. The magnitude of the bias

increased as k increased.

200
SN Variance
% 100 estimator
< N
5 - V:cay
¢ b
E - V}ack
o 0--
oo

-100

0 50 100 150 200
K =Dp/ns

Figure 1: Behaviour of three variance estimators for fig,eq under Bernoulli sampling.

3.2 Deterministic linear regression imputation

We started by generating 5,000 realizations of a vector of explanatory variables, of size 103,

from a multivariate normal distribution with a mean vector equal to 5 x 1T and correlation
matrix, whose diagonal elements were equal to 1 and the off-diagonal elements were equal to

0.3. We then repeated R = 10,000 iterations of the following process:

(i) Given the explanatory variables, we generated the survey variable Y according to Model

(19).

11
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Figure 2: Behaviour of three variance estimators for fig.e, under simple random sampling
without replacement.

(ii) From the finite population of size N = 5,000 generated in Step (i), a sample, of
(expected) size n = 300, was selected according to (1) simple random sampling without

replacement and (2) Bernoulli sampling.

(iii) In each sample, the response indicators { Rx }rcg, were independently generated accord-

ing to a Bernoulli distribution with probability

pe = {1+ exp(l + \a1x + Nowok + Azasr)}

where the values of A1, A2, and A3 were set to obtain an overall response rate of about
50%. Thus, in each sample, the expected number of respondents, E(n,), was equal to

150.

(iv) The missing values in each sample were imputed through deterministic linear regression
imputation with different subsets of explanatory variables. The first subset of explana-
tory variables included the variables X, X5, and X3 only, corresponding to the true
model. In addition to X1, X2 and X3, we included several noise variables denoted by
Proise- Lhis led to 12 sets of explanatory variables of size p, where p = pnoise + 3. The

values for ppoise Were set to: 10, 20, 30, 40, 50, 60, 70, 80, 90, 100, and 110. As a result

12



the ratio k = p/E(n,) ranged from 3/150 to 103/150. Each of the 12 models was fitted

on the set of responding units, which led to 12 sets of imputed values.

(v) For each of the 12 sets of imputed values, we computed the imputed estimator fi. given

by (11), leading to a set of 12 imputed estimators.

(vi) We estimated the variance of the 12 imputed estimators using two variance estimators:
i) The variance estimator based on a first-order Taylor expansion denoted by 171 tay; See
k) y

Section 2.2; and (ii) The generalized jackknife variance estimator, denoted by ‘Z,jack;

see Section 2.2.

As a measure of relative bias of a variance estimator V', we computed its Monte Carlo percent

relative bias (RB) given by (20).

From Figures 3 and 4, we note that both V[,tay and ‘/}.T,jack performed well for small values
of k. For instance, for k = 3/150, which corresponds to the case of pneise = 0, the estimator
‘717tay exhibited a value of RB of about -5.7% for Bernoulli sampling and -4.6% simple random
sampling without replacement. The jackknife variance estimator performed well with values
of RB equal to -4.1% for Bernoulli sampling and 3% for simple random sampling without
replacement. However, for larger values of k both variance estimators did not perform well.
For instance, for k = 33/150 =~ 0.29, the estimator 17“3}, underestimated the true variance
with values of RB equal to -14.3% for Bernoulli sampling and -12.8% for simple random
sampling without replacement. On the other hand, the estimator XA/IJaCk was 10.4% too large

for Bernoulli sampling and 12% too large for simple random sampling without replacement.

Again, the magnitude of the bias increased significantly as x increased.

13
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Figure 3: Behaviour of two variance estimators for fi;- under Bernoulli sampling.
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Figure 4: Behaviour of two variance estimators for fi;, under simple random sampling without
replacement.
3.3 Explaining the behavior of classical variance estimators

In the context of both model-assisted estimation and deterministic linear regression imputa-
tion, the customary linearization variance estimators and jackknife variance estimators tend
to breakdown when p/n — k € (0,1) (or p/E[n,] — k € (0,1), respectively). In this section,

we explain why this is the case. For simplicity, we confine to the case of model-assisted esti-

14



mation under simple random sampling without replacement. Arguments similar to the ones
below can also be used to explain the behavior of variance estimators under deterministic

linear regression imputation.

The variance estimator based on a first-order Taylor expansion given by (5) involves the
sample residuals €;g. It turns out that, in a high-dimensional setting, the distribution of the
sample residuals €g is not a good approximation of the distribution of the errors € in (1).

In particular, we have

Vo (Gs) = 02(1 — hy), kes,

where ﬁkk denotes the k-th diagonal element of the hat matrix Xg (XEXS)i1 Xg The

validity of classical variance estimators relies on the assumption that %kk — 0 asnand N go
to infinity. In a high-dimensional setting, this assumption no longer holds, as it can be shown
that Ay — p/n for a wide class of distributions for the design matrix X g (e.g., the multi-
variate normal distribution); see e.g., El Karoui and Purdom (2018), Pajor and Pastur (2009)
and Karoui and Koesters (2011) for a discussion and Portnoy (1987) for a proof with elliptical
distributions; see Section 4 for a more rigorous treatment, and Appendix A.4 for empirical
results on the behavior of the leverages for commonly encountered distributions. Therefore,
the variance of the sample residuals €g is approximately equal to o?(1 — p/n) = o?(1 — k),
which can be considerably smaller than o2 for large values of . This, in turn, explains why
the variance estimator based on a first-order Taylor expansion tends to underestimate the

true variance of figreq for large values of k.

Turning to generalized jackknife variance estimators, we note from (10) that it involves the
. ~ (k) ~ s .
residuals €,¢” = €,s/(1 — hg). Since

2 2 2
K\ _ O o _ o
Vm(eks)_l_m_l_pzl_ﬁ, kes,

3

the variance of E\k(;) may be considerably larger than o2 for large values of k. As a result, the

15



generalized jackknife variance estimator tends to overestimate the true variance of fig ¢, for

large values of &.

4 Bias: Model-assisted estimation

In this section, we provide a theoretical analysis of the bias of variance estimators for the
GREG estimator in a high-dimensional setting. For simplicity, we confine to the case of

Bernoulli sampling.

We consider the asymptotic framework of Isaki and Fuller (1982). We consider an increasing
sequence of finite populations {U, },en, of sizes { N, }yen, such that U, C Uytq, for all v €
N. From U,, a sample S, is selected according to the sampling design P, ( -, Z,). The
first and second-order inclusion probabilities of P, ( -, Z,) are denoted by {7y, }rer, and
{Trkm}k#er, respectively. The asymptotic sampling fraction is given by lim, o0 1y /N, :=
7. For ease of notation, the subscript v will be omitted whenever possible. For two sequences
{ayveny C R and {by,}yeny C R, we write a, ~ b, to express that they have the same limit,

< by if limy—y o0 @y < limy 500 by; the symbol 2 is defined

~

ie., lim,_ o ay/b, = 1. We write a,
similarly. We extend these definitions to sequences of random variables where the limit is to
be understood in probability. Moreover, asymptotic order notations are to be understood in

a high-dimensional framework, whereby lim,_,oc py/ny := ki € [0;1).

In this article, inference is made conditionally on the predictors. Below, we will refer to the

following conditions:

(HIW) The design matrix X g is such that, there exists a continuous function f; : [0;1) —

[0; 1) such that, for all v € N,

T Dv
min hgp = =
iy ke = f1 (n >,

v v

where f satisfies f1(0) =0 and fi(z) > 0 for z > 0.

16



(H1S) The design matrix X g is such that,

%kk*pl

(%

max

= 1).
keSy OIP( )

Assumptions (H1IW) and (H1S) pertain to the high-dimensional behavior of the leverages
that generally depend on the distribution of the covariates. Assumption (HIW) is weaker
than assumption (H1S); it states that the smallest leverage remains bounded away from zero

whenever k£, > 0; because the intercept is included in the covariates, Assumption (H1W) is

necessarily satisfied in finite samples since Ay, > 1/n . On the other hand, assumption (H1S)
assumes that, uniformly, leverages converge to k. Assumption (H1S) implies (HIW) with f;
being the identity. We refer to Appendix A.4 for an empirical investigation of (HIW) and

(H1S) for some common distributions.

Before stating our next result, we introduce the following notation. For an arbitrary set of
elements {ax}rep with index set B C U, we write E, g [a] :=|B|™' >, g ax to denote its

empirical mean.
Result 4.1. Consider a Bernoulli sampling design.

i) If the superpopulation model is linear, the model variance Vo, (Ligreg.v) s unbiased for

the unconditional variance V (Ligregv), that is,

Ep [Vm (ﬁgreg,v)] =V (ﬂgreg,v) .

Moreover, if imy_00 Vp (gi0) = 0, for all k, then Vp, (lgregn) and V (ligregn) are

asymptotically equivalent, that is,

Wm (ﬁgreg,v) P

= 1.
A\ (,ugreg,v) v—r00

it) The relative bias factor of Y/}ta},’v, ‘A/gN and ‘Z‘ack,v; defined respectively by (5), (9) and

(10), are given by
Enm | Viay.v|

(1 —Ky) T
PN +
Vm (ug’feg,'u)

~0) g e Bl

(21)
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En [P (1—7*) (1 Eus 577 ﬂ* (22)
v ~ =2U-7 - + )
Vm (;U/greg,v) En,U [g] En,U [g]
and

IEm [‘/}jack,v:| (1 *) EnS |:92/ (1 - E>:| n * (23)
— = ~(1l—7
Vm (,ugreg,v) IEn,U [g] IEn,U [g]

Proof. See Appendix B.3. |

Part i) of Result 4.1 shows that the model variance of the GREG estimator is unbiased and
consistent for the unconditional variance, provided that the linear regression model holds. For
p fixed, the GREG estimator attains the Godambe-Joshi lower bound (Séarndal et al., 1992,
Chapter 12). Part i) also holds for general sampling designs, under appropriate assumptions
on higher-order inclusion probabilities. Part ii) of Result 4.1 confirms the results of Section
3; that is, the variance estimators based on a first-order Taylor expansion lead to substantial
underestimation for large values of k, whereas the generalized jackknife variance estimators

leads to substantial over-estimation of the true variance.

Remark 4.1. The behavior of the g-weights {gr}trev significantly impacts the high-
dimensional behavior of the variance estimators. Indeed, if p, is either fized (or slowly

increases with respect to n, ), it can be shown that, uniformly in k,

P
g — 1.

V—00

We conjecture that this result may not hold for gemeral covariates settings within a high-
dimensional framework for which k > 0. Assumption in Result 4.1 that lim,_ V) (gi,») = 0

is much weaker as it only requires that this limit to be degenerate.

Corollary 4.1. Consider a Bernoulli sampling design with m, = 0.
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i) Under (HIW), Expressions (21)-(23) reduce to

By [fiss] (1)

- ~ : (24)
Vm (,ugreg,fu) n,U [g]
Em [‘//\tq,fu} En,S {92};}
1l ———= < 1— fi(k),
Vi (,Ufgreg,'v) IEn,U [Q]
E,, |:‘7jack,v} En,S |:g2/ (1 _TL)} S 1
m (ﬁgreg,v) - Enu 9] ~1-h (“*)
it) Under (H1S), Expressions (22)-(23) reduce to
Enm | Vi |
2~ 1 — Ry, (25)
Vm (:U’greg,v)
Em {‘//\Eack,v} 1
—_ ~ . 26
Vi (,Ufgreg,v) 1— Ky ( )
Proof. See Appendix B.4. |

When x, > 0, under (H1W), the variance estimators 175] and ‘7ja0k are biased and inconsis-

tent. Under the stronger assumption (H1S), their expression of asymptotic bias reduces to a

simpler expression that depends on , only. Interestingly, under (H1S) and 7, = 0, the bias

of ‘//\jack matches the bias found in El Karoui and Purdom (2018) in the context of jackknife

variance estimation of a prediction for a linear regression model.

We end this section by suggesting simple bias-adjusted variance estimators in the context of

a high-dimensional setting. For a small sampling fraction, Expressions (24)-(26) motivates

the following bias-adjusted version of ‘A/tay, YA/g and ‘/}jack. They are respectively given by

B N
T8 = 2t Vo, @)
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S (adi)
‘/g(7v J) - 1 _ K/Vg7V7 (28)

and
‘//\;z(:zij,\)z = (1 - K) ‘//\jack,v- (29)

Under (H1S), the bias-adjusted estimators (24)-(26) are asymptotically unbiased for all values

of k, and can be implemented using the observed data.

5 Bias: Deterministic linear regression imputation

In this section, we study the behavior of several variance estimators in the context of deter-
ministic linear regression imputation in a high-dimensional setting. To that aim, consider
the following class of variance estimators:

R 1 A o g () ~ _ g (¥) 0.2 1 R 2
— W) . _—_ ko Mir k Hir ¢ o 1 . .
v {V . N2l§9;§ Tke Tk Ty T3 Z {1 Rk<1+Fk)} ’

with gﬂ) =Y+ rkw(XR)fk €xr, forsome 1) :R™*P — R}. (30)

The class of variance estimators V includes, as special cases, the variance estimators (14) and

~ -1
(17) with (X gr) =1 and (X Rr) = (1 - hk;k) , respectively. It also includes the variance
estimator obtained by adjusting the residuals €;r using the rescaling factor (1 — Ekk)_l/ 2.
see e.g., El Karoui and Purdom (2018). This variance estimator, which we call the corrected

variance estimator, corresponds to the choice (X g) = (1 — ?ka)*l/ 2. The rationale behind

this choice is to recover the variance of the model errors €. Finally, we denote by V the

subset of V where the functions v are constants, independent of X g.

The following result exhibits the asymptotic bias of any variance estimator belonging to the

class V.

Result 5.1. Consider a Bernoulli sampling design and let V@ be an arbitrary variance
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estimator belonging to the class V with functions {1, }yen. Then,

(W)
Erm [V” } [1— 7)Y pes Be + 0% Ay

N

Em |:‘7(ﬁlr‘,v):| [1 o ﬂ] ZkES Bk + 0—2Atheo7

where

Aw = (1 — 7T) n, + Z /ﬁkk + Z (1 — /Hkk) I/J(XR)Fk {2 + ¢(XR)Fk} + 7| nym + Z F% s
keSm keSy keS:

Atheo = (1= 7) (ns = 1) + 1 + »_ T},

kESr
with
Be= S B xl Bx] 8} (31)
Ns
lesS
Proof. See Appendix B.5. ]

Although Result 5.1 does not require any assumption on the covariates, it is somewhat
difficult to draw a clear interpretation from it, aside from the fact that the asymptotic bias of
the jackknife variance estimator is always non-negative. Unfortunately, under (HIW), Result
5.1 does not become any easier to interpret. In order to provide more insight about Result

5.1, we reformulate Assumption (H1S).

(H1S’) The design matrix X g is such that,

max

N Pv
Pk, —
k‘GS'r,'L}

=op (1).

In the case of a negligible sampling fraction, Corollary 5.1 below exhibits the relative biases

of the variance estimators (14) and (17) as well as the corrected variance estimator obtained

with (X g) = (1 — ﬁkk)*lﬂ and denoted by Vior.
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Corollary 5.1. Consider a Bernoulli sampling design with w. =0 and assume (H1S’).

i [Trisa] | S, i e (2 + Thes, T ®
B [P(ie)] | Skes Bu/o” + (10 + 20+ e, T)
E,, |:Vv],jack,v} Zkesm /}\ka + 157;* ZkGSr Fi
E,, [V(ﬁlm))} >kes Br/o? + (nr + 2 + 3es, T7)
and
B [Vicos] | S, =200 (1 = VT=R) (34)

Em [V(ﬁzr,v)} Y okes Be/o% + (ne + 20 + 3 pes T7)

Note that the terms on the right-hand side of (32)-(34) have the same denominator. Since
> kes Br > 0, it follows that the sign of the bias in (32)-(34) depends on the sign of the
numerator. In the case of IA/Ltay, the sign of the numerator is expected to be negative, and
the bias may be substantial for large values of k. It follows from (33) that the bias of Vf,jack
is positive. Noting that x/(1 — k) is monotonically increasing in x € (0, 1), the bias of ‘A/Ljack
is expected to be large for large values of k. Finally, looking at Expression (34), we expect

the bias of @,Cor to be small to moderate as the term 1 — /1 — & lies between 0 and 1.

Expressions (32)-(34) may be used to derive bias-adjusted versions of X/}[,tay, and ‘//\}7jack. Note
that all the terms but By, and o2 on the right side of (32)-(34) can be computed using the
data at hand. An estimator of By is obtained by replacing 8 in (31) by its weighted least

square estimator given by (12). Also, a model-unbiased estimator of o2 is given by (15).

In Section 6.2, the bias-adjusted versions of YA/I,tay and VIJaCk will be denoted by ‘71((;;%){ and
‘7}(’?3, respectively.

Remark 5.1. The numerators on the right side of (32)-(34) all include the term ) ;g ok

which is a function of the predictors for both the respondents and the nonrespondents. Its
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magnitude heavily depends on the type of nonresponse mechanism, which is unknown. Indeed,
when p is fized, it can be shown that

Z T =~ lim Mmooy (IE [X1XI|R1 = 1} 71]E [xlxﬂRl = O}) .

vV—00 N
kESm Y

As a result, unless the data are Missing Completely At Random, it is generally not possible

to establish a general result about the magnitude of Zkesm iALk.k

We end this section by determining the coefficients ¢ (X ) in (30) that produce an asymp-

totically unbiased variance estimator. This is given in the next result.

Result 5.2. Recall that V denotes the subset of V where the functions ¢ are constants and

assume a Bernoulli sampling design. Consider the following notation additional notation:

A= Z (1 —Tka> fi,

kESr

B=2)Y (1 —ﬁkk> T,

k€Sm

C .= Zﬁkk—Qnm—Zf%.

kESm kESy

Then, there exist asymptotically unbiased variance estimators in % for all values of K if and
only if A := B2 —4AC > 0. Assuming this condition is satisfied, the asymptotically unbiased

estimators are identified by the following roots:

—B—+VB?—4AC

wl(XR> = 2A 5 (35)
and
—B++VB?—-4AC
Yo(XR) = . (36)
2A
Proof. See Appendix B.6. |

Note that the roots 11 (X g) and 12(X g) can be readily computed using the data at hand.

Result 5.2 does not require any assumption on the leverage. If one is willing to assume (H1S),
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then A and B reduce to

A=(1-r) Y T} B=2(1-kK)nm,
keSS,

respectively.

Remark 5.2. If the discriminant A := B> —4AC is negative, no estimator in 17, computable
from observed data, is unbiased for this particular realization. One may then choose the

midpoint 1 := —B/2A which, when A < 0, minimizes the absolute relative bias.

6 Empirical behavior of bias-adjusted estimators

In this section, we present the results from a simulation study assessing the performance of
several variance estimators and their associated bias-adjusted version in terms of relative bias.
In Section 6.1, we consider the model-assisted estimation setup, while Section 6.2 discusses

the linear regression imputation setup.

6.1 Bias-adjusted variance estimators: Model-assisted estimation

We used the same simulation setup as the one described in Section 3.1. To estimate the

variance of [igreq, we computed several variance estimators in each sample: (i) Viay given by

~ ~

(5); (i) Vj given by (7); (iii) Viack given by (10); (iv) The bias-adjusted variance estimators

Dladi) pladi) o pled)

tay s Vg fack » given respectively by (27)-(29). In addition, we computed the vari-

ance Vi, := Vi, (figreg), which corresponds to the model variance figreq. For each variance
estimator, we computed its Monte Carlo percent relative bias given by (20). The results
for Bernoulli sampling are shown in Table 1, whereas Table 2 shows the results for simple

random sampling without replacement.

From Table 1, we first note that observe that the target V,, exhibited a small bias for all
values of k, which is consistent with Part i) of Result 4.1. The results pertaining to f}tay, ‘/}g

and ‘/;jack are virtually identical to those presented in Section 3.1. The bias-adjusted versions
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Relative bias (in %)

~

p ok Ve Ve Vo Ve VLY pld) pled)

tay jack

3 001 08 -1.7 -06 2.0 0.2 0.4 1.1
23 008 05 -141 -7.7 8.4 -0.1 0.1 0.9
43 014 0.7 -25.3 -14.2 16.5 0.0 0.2 1.2
63 021 02 -36.2 -21.3 25.2 -0.5 -0.3 1.0
83 028 03 -46.0 -28.0 36.5 -0.5 -0.2 1.3
103 0.34 03 -55.0 -34.7 50.1 -0.6 -0.3 1.5
123 041 06 -63.2 -41.2 67.7 -0.3 0.0 2.2
143 048 00 -709 -484 884 -1.0 -0.6 1.9
163 054 -0.7 -77.7 -55.5 1152 -1.8 -1.6 1.4
183 0.61 -09 -83.5 -624 1546 -2.2 -1.9 1.8
203 0.68 -1.5 -8385 -694 2126 -3.0 -2.7 1.9

Table 1: Monte Carlo percent relative bias of several variance estimators for Bernoulli sam-
pling: model-assisted estimation.

Relative bias (in %)

~

bk Ve Ve U T DB pled) plad)

ay jack

3 001 12 -07 0.2 2.8 1.2 1.2 1.9
23 008 15 -12.7 -6.3 9.8 1.5 1.5 2.3
43 014 1.0 -246 -13.5 17.1 1.0 0.9 1.9
63 021 1.6 -350 -199 270 1.5 1.4 2.6
83 0.28 2.0 -44.7 -26.3 38.8 1.9 1.8 3.3
103 0.34 24 -53.8 -32.9 529 2.2 2.1 3.9
123 041 19 -624 -40.0 68.9 1.7 1.6 3.7
143 048 14 -70.1 -47.1 89.3 1.2 1.0 3.5
163 054 0.7 -77.0 -54.2 1154 04 0.2 3.2
183 061 0.7 -829 -61.0 151.8 0.2 -0.1 3.4
203 0.68 -0.7 -88.1 -68.1 200.7 -1.2 -1.6 2.7

Table 2: Monte Carlo percent relative bias of several variance estimators for simple random
sampling without replacement: model-assisted estimation.

S(adj) r(ady
V( J)’V'g( )

tay

and ‘Zéﬁﬁ] ) performed very well in terms of bias for all values of k with an abso-

lute RB less than 3%. Similar results (see Table 2) were obtained for simple random sampling
without replacement, which can be explained by the fact that, in terms of variance, the strat-
egy consisting of Bernoulli sampling and the GREG estimator is asymptotically equivalent
to the strategy consisting of simple random sampling without replacement and the GREG

estimator.
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6.2 Bias-adjusted variance estimators: Linear regression imputation

We used the same simulation setup as the one described in Section 3.2. To estimate the
variance of [, we computed several variance estimators in each sample: (i) ‘7]7tay given by
(5); (ii) V7 jack given by (10); (iii) Veor obtained from (30) with ¢ (X g) = (1 — hye) /% (iv)
The bias-adjusted variance estimators ‘71(22;), 171(?5?:1){, (v) The variance estimators obtained

from (30) with ¢4 (X r) and 12(X Rg) given by (35) and (36), respectively, and denoted by

‘A/zé(lldj ) and ‘A/zégdj ). In addition, we computed the (unfeasible) target given by (42). Finally,

we computed the (unfeasible) bias-adjusted variance estimators XA/I(‘;:;)T and VI(;ISJT ) that are

identical to ‘71(23,) and 171(3:21){, respectively, except that they use the true value of By (see
Equation (31)) and the true value of o2, For each variance estimator, we computed its Monte

Carlo percent relative bias given by (20). The results for Bernoulli sampling are shown in

Table 3, whereas Table 4 shows the results for simple random sampling without replacement.

From Table 3, we first note that the target Vi,,4¢; exhibited a small bias for all values of
K, as expected. The results pertaining to %,tay and ‘//\Yl,jack were virtually identical to those
presented in Section 3.2. The variance estimator ‘Zor performed significantly better than
XA/[,tay and V[,jack, particularly for small to moderate values of x, with an RB of -2% for
k = 0.42, compared to -19.1% and 27.6% for Vl,tay and YA/[’jaCk, respectively. However, the

performance of Veor slightly deteriorated for larger values of k. For x = 0.69, the value of

RB was approximately equal to 17%. Turning to the bias-adjusted variance estimators XA/I(‘ZS;)
and V%9) they performed well for small to moderate values of k. For instance, for k = 0.42,

1 ,jack?

the variance estimators ‘A/I(’:;g) and 17[(?;21){ exhibited a value of RB of about -7.6% and -0.9%,

{ad)

respectively. However, for a large value of k of 0.69, we note a deterioration for both T tay

and 171(?;%)( with a value of RB of about -16.2% and 11%, respectively. This deterioration in
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terms of bias seems to correspond to the price to pay for estimating By in (31) in a high-

dimensional setting. Indeed, when comparing the relative bias of ‘/}I(zg,) and ‘/}I(,(J‘l:gl)c with their

{r(ads)

T tayr and 171(?1‘(1] ), we observe that the latter performed very well for

unfeasible counterparts -
all values of k with values of absolute RB remaining below 10% in all scenarios. Further
research is needed to develop estimators of By that are more robust to the dimensionality of

(

the vector x. Finally, the variance estimators ‘A/w?dj ) and ‘A/qb(gdj ) performed very well in terms

of bias for all values of k. This is consistent with Result 5.2. Again, the results for simple
random sampling without replacement were similar to those obtained for Bernoulli sampling;

see Table 4.

Relative bias (in %)

% > % ladi)  rlad))  ladi)  tr(ad)  {r(edi)  {r(adh)
K Viaget Vigay Vijack Veor Vl,tay Vl,jack le VwQ Vl,tayT VI,jkT

0.02 -3.1 -5.7 41  -49 -5.3 -4.8 -5.3 -5.3 -5.3 -4.8
0.15 -2.8 -9.6 1.5 -4.5  -54 -4.2 -5.5 -5.2 -5.2 -4.5
0.29 -3.0 -14.3 104 -40 -6.5 -3.5 -6.1 -5.8 -5.7 -4.5
042 -24 -19.1 276 -2.0 -7.6 -0.9 -6.2 -5.8 -5.7 -3.8
0.55 4.3 -26.6 9593 -1.2 -118 1.5 -8.7 -8.4 -8.2 -5.0
0.69 -4.6 -34.5  162.1 3.7 -16.2 11.0  -10.0 -10.0 -9.4 -2.8

Table 3: Monte Carlo percent relative bias of several variance estimators for Bernoulli sam-
pling: linear regression imputation.

Relative bias (in %)

~

5 Vi Vi Vigek Veor VS0 D08) Pl pld) pled) - plad

1, tay Jjack 1 Itayr L,jkr

0.02 -21 -4.6 -3.0 38 41 -3.7 -4.3 -4.1 -4.1 -3.7
0.15 -1.5 -8.2 3.0 -3.0 -4.0 -2.8 -4.3 -3.8 -3.8 -3.0
0.29 -1.5 -12.8 120 -24 -49 -1.9 -4.7 -4.2 -4.1 -3.0
042 -1.1 -17.7 29.0 -0.5  -6.0 0.6 -4.8 -4.3 -4.2 -2.3
0.56 -1.1 -23.6  62.6 24 -8.4 5.0 -5.3 -5.0 -4.7 -1.5
0.69 0.4 -30.0 151.8 9.2 -10.8 15.7 -4.6 -4.5 -3.9 2.1

Table 4: Monte Carlo percent relative bias of several variance estimators for simple random
sampling without replacement: linear regression imputation.
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7 Final remarks

In this article, we studied the behavior of linearization and jackknife variance estimators when
p/n is not negligible. For the GREG estimator, we showed that the customary linearization
variance estimator and its g-weighted version are biased negatively, whereas the jackknife is
biased positively. These biases did not vanish, even asymptotically, unless lim,_,o py /1, = 0.
For model-assisted variance estimators, we obtained closed-form expressions for the bias of
both Taylor, g-weights, and the jackknife variance estimators. These expressions can be used
to define bias-adjusted variance estimators, which are unbiased regardless of the value of
p/n. Results from a simulation study support these findings. We have also examined the
behavior of imputed estimators under linear regression imputation. In this context, the bias
of linearization and jackknife variance estimators depends on unknown quantities. Developing
bias-adjusted variance estimators requires an intermediate estimation step. This is beyond

the scope of this article, and is a topic currently under investigation.

Our theoretical investigations were limited to simple random sampling without replacement
and Bernoulli sampling. While we empirically evaluated the performance of several vari-
ance estimators for Poisson sampling with unequal probabilities, a theoretical analysis of the
properties of linearization and jackknife variance estimators for unequal probability sampling

designs remains to be explored.

In this paper, we did not examine bootstrap variance estimators in high-dimensional settings.
Unreported results suggest that customary finite population bootstrap procedures may ex-
hibit substantial positive bias in high dimensions, consistent with recent findings by El Karoui
and Purdom (2018); Zhao and Candes (2022) in an i.i.d. setup. This is a topic of future

research.

Recently, Stefan and Hidiroglou (2024) proposed a jackknife version of the GREG estimator
along with a jackknife variance estimator for its mean squared error in a low-dimensional
setting. The extension of these methods to the high-dimensional setting will be addressed

elsewhere.
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Appendices

A Additional simulation studies

A.1 Proportional-to-size Poisson sampling

To evaluate the performance of linearization and jackknife variance estimators, along with
their bias-adjusted versions, under unequal probability sampling designs, we conducted an
additional simulation study using Poisson sampling with first-order inclusion probabilities
proportional to size. The data-generating processes used in Section 3 remain unchanged.

More specifically, the first-order inclusion probability for unit & was defined as

72
ST — . 5 keU,
> 0eu T
where n denote the expected sample size. The correlation between the inclusion probabilities

and the survey variable was about 0.4. The results for model-assisted estimation and linear

regression imputation are presented in Tables 5 and 6, respectively.

Relative bias (in %)

~

p K Vi, ‘/}tay |7 ‘/}jack ‘Zgidj) ‘Zi(adj) ‘/}j;(;ij)

3 001 17 -08 -0.2 6.2 1.3 0.9 5.3
23 0.08 24 -1277 -64 222 3.2 1.6 13.8
43 0.14 3.1 -239 -126 41.0 5.1 2.3 22.8
63 021 3.0 -350 -19.7 619 6.4 2.0 30.7
83 028 24 -455 -27.0 85.7 7.2 1.5 38.1
103 034 2.2 -548 -34.1 1145 8.7 1.2 45.3
123 041 33 -628 -40.3 1524 11.6 2.2 54.1
143 048 22 -70.7 -479 1936 124 1.0 59.0
163 054 2.5 -774 -54.7 2514 148 1.1 65.8
183 0.61 22 -833 -61.8 325.8 16.5 0.6 70.4
203 0.68 09 -885 -69.0 4328 17.1 -0.8 73.9

Table 5: Monte Carlo percent relative bias of several variance estimators for Poisson sampling:
model-assisted estimation.

In the model-assisted estimation setting, the behavior of f@ay, ‘/}g and ‘/%ack remained similar
to that observed in simple random sampling without replacement and Bernoulli sampling.

Although the adjusted jackknife variance estimator showed substantially lower RB than its
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Relative bias (in %)

~

K Vieger View Vigex Vi V09 plod)  pod) %Ejd” rladi)  (adj)

1, tay Jjack 1 Itayr L,jkr

0.02 -0.3 -2.3 0.1 -1.1 -1.6 -0.6 -11.8 -1.8 -1.6 -0.6
0.15 -0.3 -6.0 9.7 0.7 -1.0 2.9 -7.8 -1.7 -0.8 2.6
0.29 0.6 -10.1 27.3 3.6 -0.5 9.3 -6.6 -1.4 0.4 8.0
0.42 2.0 -15.6 584 6.8 -1.1 17.7 -7.0 -1.9 1.4 13.8
0.55 5.7 -21.6 1299 127 -1.1 32.7 -6.2 -1.7 4.0 234
0.69 121 -30.4 43317 21.7 -2 257.3 4.8 -1.8 10.0 114.2

Table 6: Monte Carlo percent relative bias of several variance estimators for Poisson sampling;:
linear regression imputation.

unadjusted counterpart, 17jack, it still exhibited significant RB for moderate to large values

(adj)

ay ~ performed well for small to moderate values of x but

of k. The adjusted estimator ‘A/t

the bias slightly deteriorated as s increased. For instance, for kK = 0.68, its RB was equal to

17.1%. Finally, the adjusted estimator ‘7g(adj ) performed very well for all values x with an

absolute value of RB less than 2.5% in all the scenarios.

In the linear regression imputation setting, the behaviour of v]’tay and V[,jack was similar to
that observed under simple random sampling without replacement and Bernoulli sampling.

Again, the adjusted jackknife variance estimator ‘Z(?:gl)( outperformed its unadjusted counter-

part ‘/;},jack but but still exhibited significant positive bias for large values of k. The estimator
‘ZOT performed well for small to moderate values of x, whereas it exhibited a moderate posi-

tive RB for k = 0.55 and & = 0.69. Turning to Vlﬁ?dj ) and Vligdj ), they performed surprisingly

very well despite being developed under Bernoulli sampling.

A.2 Non Gaussian distributions

We conducted a simulation study assessing the performance of the variance estimators when
both the explanatory variables and the model errors were generated using non Gaussian
distributions. We present the results for simple random sampling without replacement, as
the findings for Bernoulli sampling were similar and are therefore omitted. We replicated the

simulation processes described in Sections 6.1 and 6.2, with the following modifications: i)The
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explanatory variables were independently generated from a gamma distribution with shape
parameter equal to 8 and rate parameter equal to 1; ii) The errors in (19), were generated
from a uniform distribution ¢ [—15;15]. The results for model-assisted estimation and linear

regression imputation are presented in Tables 7 and 8, respectively.

The results in Table 7 suggest that the behavior of all variance estimators was similar to

that observed Section 6.1 for simple random sampling without replacement. Indeed, the

magnitude of the RB associated to ‘Zay, 179 and ‘A/jack got worse as k increased. The bias-

adjusted versions ﬁg‘;dj ), X/}g(adj ) and XA/JS:? ) still performed very well with an absolute RB less

than 4% for all values of x.

From Table 8, the estimators ‘/}I,tay and ‘/;},jack exhibited the same behavior as observed in

Section 6.2 with their RB increasing significantly in magnitude as k increased. In contrast,

IA/LCOI performed very well, with an absolute RB less than 3% for all values of k. Turning to

the bias-adjusted estimators ‘71(’?;1;') and ‘A/I(ggzl)(, both performed well, with values of absolute

(adi) (0] (ontinued to
1 V2

RB below 6% in all scenarios. Finally, the variance estimators ‘71/)

perform well in terms of RB across all values of .

Relative bias (in %)

~

b h Ve Ve U, D D9 pled) plad)

tay jack

3 001 05 -14 -05 2.1 0.5 0.5 1.2
23 008 05 -136 -7.2 8.8 0.5 0.4 14
43 014 10 -246 -13.5 173 1.0 0.9 2.1
63 021 05 -356 -20.7 259 0.5 0.3 1.7
83 028 0.2 -456 -276 36.6 0.2 0.0 1.7
103 034 0.1 -b4.7 -344 498 0.1 -0.2 1.8
123 041 0.6 -62.8 -40.8 67.0 0.5 0.2 2.5
143 048 -0.2 -70.6 -47.9 86.5 -0.3 -0.6 2.0
163 054 06 -77.1 -54.3 115.1 0.3 0.0 3.1
183 061 03 -83.0 -61.1 151.1 -0.1 -0.5 3.2
203 068 03 -8.0 -67.8 2041 -0.1 -0.6 3.9

Table 7: Monte Carlo percent relative bias of several variance estimators for simple random
sampling without replacement: model-assisted estimation.
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Relative bias (in %)

K Vta’/‘get ‘7[ Jtay ‘7[, jack ‘7007“ ‘7[(:53;) V};Z?C)k ‘Zﬁ?d]) ‘//\;ig 4) ‘7[(;:;)1“ A](,?S{F)
0.02 -1.8 -3.6 -22  -29 33 -2.7 -3.8 -3.3 -3.3 -2.7
0.15 -1.9 -9.8 6.8 -28 4.1 -2.4 -4.2 -3.9 -3.9 -2.8
0.29 -1.3 -182 386 -04 56 1.2 -4.4 -4.3 -4.1 -1.5
0.42 -1.8 -3.6 22  -29 33 -2.7 -3.8 -3.3 -3.3 -2.7
0.55 -19 -9.8 6.8 -2.8 4.1 -24 -4.2 -3.9 -3.9 -2.8
0.69 -1.3 -182 386 -04 -5.6 1.2 -4.4 -4.3 -4.1 -1.5

Table 8: Monte Carlo percent relative bias of several variance estimators for simple random
sampling without replacement: linear regression imputation.

A.3 Asymptotic experiments with p/n fixed

In this simulation, we assess the relative biases of the variance estimators discussed in the

article, keeping k fixed while allowing n, and N, to increase. We considered two asymptotic

regimes: K, = 0.1 and k. = 0.5. We considered three population sizes {N,} given by

N1 = 1000, N3 = 5000, N3 = 1000. The sample sizes {n, } were given by n, = LN{?S/lOOJ. This

corresponds to a scenario where 7" = 0. The samples was selected according to simple random

sampling without replacement. The results for model-assisted estimation are presented in

Table 9 and Table 10, respectively.

P Ve T T T T G0 7D
k=0.1

6 54 -0.63 -20.94 -12.12 1591 -1.98 -2.30 5.45
14 139 -2.06 -20.59 -12.17 10.23 -2.33 -2.41 -0.27
21 208 1.37 -17.82 -8.93 13.76 1.24 1.19 2.79
k=0.5

28 54 0.08 -76.19 -53.70 125.00 -4.88 -7.15 17.33
70 139 097 -74.62 -50.70 107.72 -0.52 -1.39 6.08
105 208 0.21 -75.04 -51.00 104.64 -1.23 -1.97 3.95

Table 9: Evolution of the Monte Carlo percent relative bias of several variance estimators for
simple random sampling: model-assisted estimation.

We observe from Table 9 that the RB of ‘Zaya Vg converged to strictly negative quantities.

Similarly, the RB of ‘/}jack converged to strictly positive quantities. These results support our

theoretical results, confirming that 17tay, ?g, and ‘Zack remain asymptotically biased whenever
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k > 0. On the other hand, the bias-adjusted variance estimators exhibited only negligible
bias asymptotically. We obtained similar results in the linear regression imputation setting;

see Table 10.

T 5 > > (adj > (adj > (adj > (adj > (adj > (adj
p I [nr] Vtarget Vl,tay VI,jack ‘/cor V( ) V’](,jagl)( V( 2 Vde 2 V( ) ‘/]( b)

Iztay ¢1 I7tayT

7j kT

k=0.1
3 28 -0.39 -7.20 514 -1.78 -4.54 0.01 -5.78 -4.50 -4.44
7 70 -0.54  -5.08 292 -1.35 -243 -0.85  -3.00 -2.37 -2.34
11 104 -0.88  -5.11 273 -143 -2.24 -1.12  -257 -2.16 -2.14
k=0.5
14 28 -0.09 -26.90 666.28 4.97 -13.11 105.32 -11.89 -10.73 -9.06
35 70 0.38 -19.44  58.88 4.55 -5.50 9.31 -3.63 -2.97 -2.50
53 104 -0.02 -1944 5525 4.26 -5.10 .27 =207 -2.38 -2.05

-0.17
-0.97
-1.23

88.48
3.94
2.00

Table 10: Evolution of the Monte Carlo percent relative bias of several variance estimators
for simple random sampling: linear regression imputation.

A.4 Empirical validity of (H1W) and (H1S)

In this section, we present the results from a simulation study, assessing the validity of
Assumption (HIW) and (H1S) for some common continuous distributions of the covariates
Py: the normal distribution, the uniform distribution, and the exponential distribution.
Under Bernoulli sampling, if {xj}rcy are i.i.d. Py, then, given S, {xj}res are also i.i.d.
Py; see Theorem 1.3.1. in Fuller (2009). Therefore, we performed a Monte-Carlo simulation
so that, at each of the R = 200 iterations, we selected a sample of size n, of p, covariates
according to Bernoulli sampling, and computed maxycp,)|Arkp — Po/no| and mingepy,, | hrk,o-
Here, [n] := {1,2,...,n}. In Figure 5, we plotted the Monte-Carlo distribution of these
statistics for different values of v, ranging from v = 1 to v = 10. The sample sizes {n,} were
set to ny, 1= v x 1000 and {p,} was set such that p, = |kn, ], with x := 0.05. Here, the value
of x is small but not negligible, chosen specifically to reduce the computational complexity

of the simulations. We also conducted simulations for larger values of k. The results are very

similar to those presented in Figure 5.

For each covariate distribution, both (H1S) and (H1W) appear to hold. The plots on the left

suggest that the mean of the distributions of the maximum discrepancy converges to zero,
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with its variance also decreasing to zero. From the plots on the right, we observe that the
minimum leverage remains bounded away from zero, as expected. A theoretical investigation
establishing the validity of both (H1S) and (HIW) is beyond the scope of this article but is

currently being pursued.

B Proofs

As mentioned in the main article, we assume below, without loss of generality, that o2 is

known.

B.1 Proof of Proposition 2.1.

The generalized jackknife variance estimator of figeq is defined in Berger and Skinner (2005)

as
‘?Jack ,UJgreg Z Z 7’2’62[7 (37)
keS @ES
where
2z = (1 — wy) <ﬁgreg - ﬁé@g) : (38)

In (38), ﬂé’fn)eg denotes the GREG estimator as defined in (2), computed by deleting the ele-
ment k of the sample (but not of the population). More generally, in what follows, we use

the subscript (k) to denote any statistic (or, set) computed after deleting element k.

To derive a closed-form formula for (37), it suffices to find a closed-form formula for ﬁg’f«)eg. In

Duchesne (2000), a formula is given when the inclusion probabilities are reweighted after the

deletion of an element, a practice that we do not do with the generalized jackknife variance

estimator. Below, we give a simple proof relying on Lemma 1. We let tAgreg := Nligreg be the
usual total GREG estimator. We begin by noting that if the full-sample GREG estimator
can be written in projection form, then the leave-one-out version of the estimator can, too.
It follows that

k) — tTB

greg
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Figure 5: Asymptotic evolution of the distributions of statistics involved in (H1S) and (HIW).
Colors represent the value of the mean of the distribution: warmer colors indicate higher
values.
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_tT<;;_Aﬁ§Ch<Xka€S>

1 —hg,
~ digkErs
= tgreg - ~
1 —hy,
Now,
~ k o~
~k) ._ thﬂe?q o~ digr€rs
greg * = Hgreg — =
N (1-7g,)
from which it follows that
T _ 1 digreis
greg greg N 1— ’}Vlgk

Finally,

1 (1 — wi) gr€rs
Zk = —

N Tk <1 — %Z,J ’
which concludes the proof.

B.2 Proof of Result 2.1.

The Generalized Jackknife variance estimator proposed in Berger and Rao (2006) is

Vigack (i) = D> ﬂfkekee, (39)
kes tes e
where
~ ~(k d
er = (1 — wy) <M1r - Mz(r)> ) and W 1= ﬁk

The effect of deleting a respondent or nonrespondent is different; we treat these cases sepa-

rately. For k € S,,, write

.
~(k 1 Ye x, B
M()’: 7+Z ¢ PR

r - 5
N —d; Ty v
LesS, ]ESS?

. N
(ke y i
N T T T
N—dp \;5. ™  jes, ™ k
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S N P +z"f

1 Yy X o~ A_lxkng
= — ——7+Z =t (g, — SURTECAR
N—d ™ (1 — hT,)

]/\} ~ 1 XT Ai1 Xk%\Rk
== Hir — = Yk + Z L
N —d; T tes, e 1—hzk

Thus, introducing response indicators, we obtain for an arbitrary element k € S,

~(k) _ N’ <A 1 A@@)
oy _ dk Hir ]/\\fﬂ'k fk s

from which it follows that

k)~ e o)
Hy” — Bir = ]/\7 —dk (er gk > :

Therefore, a closed-form formula of ey, is given by
d
€L = il ( g(]k ) .
N

Replacing ey, by its closed formula in (39) leads to the result.

B.3 Proof of Result 4.1.

Statement 1i).

Consider the following variance decomposition:

V (Hgreg) = Ep [V (Hgreg)] + Vp (Em [Hgreg]) -
Note that,

IE)m [ﬁgreg] - Em

E IRCAEE T

keU keU
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In particular, observe that this quantity is independent of S, so that

A4 (ﬁgreg) = Ep [Vm (ﬁgreg)] )

when the model is correctly specified. This establishes unbiasedness. For the asymptotic

equivalence, we show that

lim 72 X E [{V (figreg) = Vin (figreg) '] = 0.

V—00

Write figreg as figreg = ul,@ g with p, :=t,/N. It follows that

0_2

2 2
V. (T Tv. (3 O T a-1 g
m (Ngreg) =Mz Vm (IBS) Ky = = Ky AHS”x = N2 kEEU 9k = ﬂ_NEn,U [g] . (40)

We begin with the following decomposition:

2

P —~ g
A (#greg) -V (Mgreg) = m Z (gk,v - Ep [gk,v]) .
Y keU,

It thus follows that
2

2 4
~ ~ 2 n,o
n2 X By [{V (figreg) = Vin (lgreg) 1| = S5 Bp [ 2 (k0 = Bp [g))
v keU,
TL20'4 2
< 55 D By [{(9k0 — Bs [na))}
Y keU,
By symmetry, we obtain
2 ~ ~ 2 TL12)0'4
% By [{V (greq) = Vin (Byreq)}’ | < “3755 Vi (910) = (1),

by assumption.

Statement ii).

Taylor: Under a Bernoulli sampling design, the Taylor variance estimator reduces to

~ 1 1—m7m 9 o
tay — N2 7T2
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Thus,

1 1—m7m 2
V] =g X (1) +
kesS
_ o?l—n ( )+ o2
N2 gz TPy
o‘ngl —m o?
T NZ g2 (1=r)+ N
o?l—nm o?
N o Uty
Recalling (40), it follows that
PN o2l —m o2
Eullin] H 2 0-® % gem)-w), m
Vi (ﬂgreg) o’ o? E Env [g] E,u 9]
N n,U [g] W n,U [g]

G-weighted: Using Lemma 2, we may write

~ 11— o2
E,, [Vg} = N2 3 202 (1 — hk:k) gi + ﬁ
kes

2 2
o 1l—m 9 =~ o
TN 2 (E GE =D hkk!]k) N

keS kesS

2 2,2
o“1l—m ( N*m o?
SN (02 n(area) =3 hkk9k> By

kesS

o?l—nm

~ 2
= (1 — 7T) Vi (Mg'reg) - ﬁ T En,s [g h] +

2

Therefore,
~ =R o?l—n 9 o
E,, [Vgi| _ (1 - 7T) Vin (,ugreg) - N - En,S [g h] + W
Vi (,U/greg) Vi (,U/greg)

(1-mE,s [gzh} n T
Enu 9] Enu 9]

~(l—m ~ Ens [9%h] Ta
= {1-m) {1 B, (] } TRl
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Jackknife:

In Bernoulli sampling, the Jackknife variance estimator reduces to

~ n—1721-nx gie o? 1 1-m g e o2
Viack:( 2 2) 2 e N S N2 2 Z Bk o+,
n*N T N N? « N
kes (1 — hkk> keS (1 - hkk)
so that
2 2 (1 —h > 2 2 2 2
~ o’l—1 Ik kk o c’l—m
E4%42N§ﬂ — Gty TN T S
kes (1 - hkk) kes (1 - hk:k)
It follows that
~ o2l —n
Eun | Vs N 5 Ensle?/ (-1 T gy Ens O]
Vin (Hgreg) o? Envlgl " nU (9] Enu 9]
N EnU 9]

B.4 Proof of Corollary 4.1.

Under Bernoulli sampling with m, = 0, the bias ratios of ‘A/tay, XA/g and ‘/}jack are given by

Statement i).

Eulfion] 1

Vm (//I/greg,v) N En,U [g] ’

E,, [‘/}g,v] En,s |:92}~l:|
=~ |1-——,
Vm (;U/greg,v) IEn,U [g]

o [T Bas [ (1)

~

E
Vin (ﬁgreg,v) E.u [g]

Taylor: The statement of the bias ratio of I//\}ay has been shown above.

G-weighted: It remains to show the inequality. Under (H1W), we may write

- 1 -
En,s [QQh] = > gih
S kes

> fi (?)

nlszgl%:ﬁ

kesS

(Z)Ewbﬂgﬁ(Z>MyM,

where the last equality follows from the fact, easily shown from Lemma 2, that



Hence, using the positivity of E,, i [g], we obtain

E,, XA/’U E,s 927L .,
vmrgg;,]v): b ;Eng[g]} S (i>

Jackknife: By assumption, uniformly in k, we have

N N 2
h <p”> <hge & 1-f <p”> z1l—hy <& i < %
Ty Ty

It follows from the above that

D E.s[/] <Eus [ . ] o [ij’v} > ! Enslo] L
v " S 1-h m n reg,v - v En N v
1— fl <z> (/,Lg 9, ) 1— fl (i) U [g} 1— fl <p

B.5 Proof of Result 5.1.

Step 1: Derivation of a target.
We first obtain an expression of the target variance of [, using the method of Sarndal (1992).
This estimator, denoted Vigpget(iir), will remain unbiased even in cases where p,/n, — Ky >

0. Using the law of total variance on fi;,., we get the following decomposition:

V(ﬁlr) = Vsam(ﬁlr) + Vnr(ﬂlr) + Vmix(ﬂlr)7

where
Vsam(ﬁlr) = Emvp(ﬁH)a
Vor (ﬁlr) = EquVm (ﬁlr - ﬁH)’
and
Vinix (tir) := 2EpEqCoven {1igr — py, thir — Ba }

and iy = N-! Y kes 7rk_1yk. In the case of linear regression imputation and Bernoulli sam-
pling, it can be shown that V. (fi;-) = 0. Now, using a first-order Taylor expansion, a full
sample estimator of Vg, (115) is given by

-~ ~ 1—7 ~ 2

V:sam(/lll'r) = Y Z (yk - :uH) :

S keS
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We now turn to the nonresponse component. It can be shown that

2

(]gﬁz {Re(1+Ty) - 1}2] . (41)

kes

Vir = EJE,

Assuming o2 is known, the above quantity can be estimated by
g ) q

where

D SIIES N of
keSy keS,

The target variance estimator is therefore given by

~ ~ ~ 1—m ~ o? o
‘/target = Vsam + Vpr = n2 Z (yk - NH)2 + ﬁAnv (42)
S keS

Expanding the square and taking model expectations give

Ein [V )] = =257 5 B (0 = ]
S

ot L L]

kes S keS teS kes ¢es

17;27T {ZBWFUQ(“S—U}, (43)

s kesS

where

Be= S {(x/ 8~ xl 6] 8}

5 tes

Adding (43) and (41) and ignoring the negligible terms, we obtain an unbiased target variance

estimator of Eq, [Viarget (Hir)]

En, [V;farget(ﬁlr)] =E, (‘/}sam + ‘/}nr) = —5 (1 - 77) Z Bk + 02 (1 - 7T) Ng + Ny, + Z fz
keS kesS,
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Step 2: Computing the model expectation of an arbitrary estimator in V.

Let V(¥ be an arbitrary estimator in V. Since V) e V, there exists some {1y, },en satisfying

N 1 A ﬁlr _ g(d’v) ﬁlr _ g(d’v) o 1 ~ 2
S — i k ¢ 7N SR aTYY 4
= ;;Z; o - T > { i k:)} (44)

with

& = Uk Ao (X p) Tk Gr, K ES.

In case of Bernoulli sampling, V®) in (44) reduces to

~ 1—7 . ~ (o)) 2 o’ =
PO = LTS (= 600) 4 T [ R
S kes s keS,

We start by expanding the square as follows:
—~ 2 —~ 2 —~
Ep, |:<ﬂl7" - gk(wv)) :| =Epn [(Ek(wv)> :| -2, [ﬂlr&k(wv)} +Em [ﬁl%ﬂ] = Al(k) _2A2(k)+‘43'

After some tedious though relatively straightforward algebra, it can be shown that

Ai(k) = (Xzﬁ)Q + 0 (Rk +[1— Ry hr, + 2R Dytpu( X R) [1 - /ﬁkk} + RT3 (X p)? {1 - ﬁkkD

Aylk) = (xZﬁme +0 (1 +fk)>

les

2

+ 02 [n, + 2n,, + Z fk
keSm

1 T
Asznfg lzxkﬁ

keS

Summing over k and ignoring the negligible terms, we obtain the following asymptotic equiv-

alence

Em

Z@wﬂwﬂzZ&

kesS kesS

+02{ Ny + Z R + Z (1 —ﬁkk> V(X R)TEA{2 + (X r)T}

kESm keSy
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It follows that

E,, 7] = 1;2” ;q By
S ke

2 1_7T

+o poal K Z T, + Z (1 —ﬁkk) Y(XR)T {2+ (X R)TR} | + n% Nm + Z I

s kESm kES, kesS,

Taking the ratios of IE,, [17(1/’)} and Iy, [Viarget (Tir)] yields the result.

B.6 Proof of Result 5.2.

We let V(®) be an arbitrary element of V with constant 1) € R. Next, using Result 5.1 and

Corollary 5.1, we write the absolute asymptotic relative bias of V to get

=R ‘Em |:{7(1/1):| - Em [‘/}target:| 02 (1 - 7T) All) - Atheo
ARB (V) = _ = = . (45)
Em [‘/target:| Em [‘/tm‘get:|

where it can be shown that, in our setting,

Ay =n, + Z e + 20 Z (1_/ﬁkk)fk+w2 Z (l—ﬁkk)fza

keSm keS, keS:

Aiheo := My + 2Ny + Z Fz.
k‘ESr

The absolute asymptotic relative bias takes only positive values; we view this quantity as a

function of 1 over the real line. Hence,

En V] = B | Viarge

min —
weR ]Em |:Vtarget}

= 0.

Proving the existence of zeros of the numerator is, therefore, sufficient to find minimizers of

the (asymptotic) absolute relative bias. The key is to notice that

Aw_Atheo = 1/12 Z (1 — /i\ka) fz+w-2 Z (1 — Bkk) fk—i- Z lek—Qnm— Z Fz = A¢2+B¢+C,

keSy keSy k€Sm keS
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with

A= Z (1 —?ka) f%,

keSy

B:=2%" (1 —Bkk> T,

keSS,
~ .
C .= Z hig — 21, — ZF ,
k€Sm keS,

is a degree two polynomial. If its discriminant A := B? —4AC is positive, the following two

roots

B VA _ _B+VA

171}1 = Ta a'ndv ’QDQ : 94

minimize the asymptotic absolute bias.

C Technical lemmas
Lemma 1. The following relation holds:

~

30 _5_ ApsdiXieis

1—hg,

Proof. At the sample level, any weighted least squares solution may be written

-1
B= (Z wk;Xk;X;> D wrxpyr = Apg Y wkXgyn

kesS kes kes

for some set of weights {wy }res. Recall that for a full rank matrix A and two vectors u, v,
the following identity holds

A luvTAa™?

(A-w) —a e S A

Hence, we get

-1
Aﬁé‘(k) = {AHS - kakxg}
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-1 T A—1
Answkxkxk AHS

= A-L +
ns 1—x; AHkaX/r€
_a-1 . Answeax Apg
s 1 — hyg(w)

where hpi(w) = xTA_lwkxk denotes the weighted leverage of element k. Therefore,
k “TI1S

= Apg Z WXy

€S
12k

A wexpx] AL
_ —1 1S Wk2k2E 2118
= {AHS + 1= I () E WIXY] — WEXEYk

leS

fl_lzukxk
_ % {yk (1 — hkk(w)) + X;,@ + hkk(w)yk}
A cWrXkEks

B - 1— hge(w)

This establishes the result.

Lemma 2. The following relation holds:

N272 .
Zgi = Z 9k = 7Vm (FHgreg) -

kesS keU

Proof. By definition,

Z g,% = Z tIAﬁéxkngﬁ;tx

kesS keS

_ XEX _
=T Xt ARE Y %Angtx
keS

=7 X ty Apjtx.

Moreover,

D 9 = te Apgxr = ty Aty
keU

from which the first equality follows. The second equality follows from (40).
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