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Abstract: Survey sampling is concerned with the estimation of finite population parameters.
In practice, survey data suffer from item nonresponse, which is commonly handled through
imputation, i.e., replacing missing values with predicted values. As a result, the properties
of the resulting imputed estimator depend critically on the properties of the prediction
method used. In turn, prediction methods themselves depend on the choice of variables and
tuning parameters used to fit the imputation model. In this article, we study the problem
of variable selection for linear regression imputation. Although variable selection has been
widely studied across many fields, primarily for identification or prediction, its role in
imputation for survey data has received comparatively little attention. We introduce the
notion of an optimal imputation model defined through an oracle loss function and show
that, with probability tending to one, the optimal model coincides with the true model.
We also examine the consequences of using misspecified models—either omitting relevant
covariates or including irrelevant ones— on consistency and asymptotic variance. We then
develop a complete methodological framework for constructing confidence intervals after
model selection. The proposed confidence intervals are shown to be asymptotically valid
and optimal among all candidate models. Simulation studies indicate that the proposed
methodology performs well in finite samples.
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1. Introduction

Nonresponse is a major challenge in official statistics because it affects most surveys. If missing
data are ignored, the resulting estimates can be biased and inconsistent. In survey sampling,
it is customary to distinguish unit from item nonresponse. The former corresponds to cases
where no information is collected for a sampled unit, whereas the latter occurs when some
variables are missing but others are observed. Item nonresponse is most often addressed
through imputation, a procedure that replaces missing values with predicted values. Imputation
can restore consistency and support valid inference, provided that the imputation model is
correctly specified and that variance estimation properly reflects both sampling variability
and nonresponse. In practice, this means that the imputation model matters a lot: if it is
misspecified, the resulting estimates may be biased and/or inefficient.

The properties of imputed estimators have been investigated under a wide range of imputation
models. A large body of work focuses on parametric imputation, such as linear regression
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imputation (e.g., Chauvet, Deville and Haziza (2011)), including many contributions on
variance estimation (Fay, 1991; Shao and Steel, 1999; Berger and Rao, 2006; Kim and Rao,
2009). Other contributions have examined nonparametric regression and related methods,
including nearest neighbor (Chen and Shao, 2000, 2001; Yang and Kim, 2019), the score
method (Haziza and Beaumont, 2007), predictive mean matching (Yang and Kim, 2017), and
random forests (Dagdoug, Goga and Haziza, 2025).

In the context of model-assisted estimation, we highlight the work of Opsomer and Miller
(2005), which provides an important reference on hyperparameter selection in survey sampling,
although not in the imputation setting. In the customary i.i.d. setting, variable selection has
been extensively studied with two primary objectives: identifying the best predictive model for
a given task (efficiency) or recovering the true set of coefficients (consistency) (Yang, 2005).
Seminal contributions include Nishii (1984), Rao and Wu (1989), Shao (1993), and Shao
(1997), who established the asymptotic properties of numerous model selection criteria such
as AIC (Akaike, 1970), BIC (Schwarz, 1978), and cross-validation.

In finite population sampling, the goal is to estimate finite population parameters, and the main
concern is the performance of the resulting estimators, in particular their bias and efficiency.
Therefore, when choosing an imputation model, the survey statistician is not primarily aiming
to identify the true data-generating model, but rather to select the model that produces the most
efficient imputed estimator, that is, the one with the smallest mean squared error. Although we
will borrow several ideas from the i.i.d. literature, our objective is fundamentally different:
we aim to optimize imputation efficiency for finite population inference, not to recover the
underlying regression function. As shown later, however, these two goals are closely related in
the case of linear models.

The main contributions of this paper are as follows. We introduce an oracle loss function to
assess the efficiency of a candidate imputation model under survey sampling. We show that,
under mild conditions, the model that minimizes this loss is asymptotically the true model,
which connects model selection for imputation with model identification. We then study the
effect of using a misspecified model. In particular, we give general conditions under which
the resulting imputed estimators remain consistent, and we identify settings where overfitting
(i.e., adding unnecessary covariates) does or does not increase the asymptotic variance. Under
standard regularity conditions, we show that model selection criteria that are consistent in the
i.i.d. framework remain consistent under survey sampling with missing data. Finally, when
a consistent selection criterion is used, the resulting imputed estimator and its variance are
asymptotically equivalent to those obtained under the true model, yielding oracle efficiency.
We also show that a standard variance estimator for linear regression imputation is consistent
and establish the asymptotic normality of the resulting point estimator. We propose a complete
methodology for constructing confidence intervals after model selection, and show that it
achieves the nominal coverage asymptotically, with asymptotically minimal width within
the class of candidate models. Simulation studies under both equal and unequal probability
sampling designs confirm the good performance of the proposed approach.

The remainder of the paper is organized as follows. Section 2 introduces the notation and
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general framework. Section 3 defines the oracle loss function and its properties. Section 4
presents the main asymptotic results for model selection for imputation. Section 5 reports
simulation results, and Section 6 concludes with final remarks and presents future works. All
proofs are relegated to the Appendix.

2. Preliminaries
2.1. The setup

Consider a finite population U := {1,2,..., N} of size N and a survey variable Y. We are
interested in estimating the finite population mean

ﬂ::%zyka

keU

where y; denotes the measurement of the survey variable Y of element k € U. A sample S c U
of size n is selected according to a sampling design . The first and second order inclusion
probabilities defined by mx := P(k € S) and mg; := P(k,l € S) are assumed to be strictly
positive for all k,[ € U. The sample S is also characterized by the vector of sample selection
indicators Iy := [I1, 1>, ..., In]", where Iy := 1if k € S and I} := 0, otherwise.

The Horvitz-Thompson estimator of u is defined by

f Ly
= )
N (=

(D

In practice, the estimator i, in (1) is unfeasible when the survey variable Y suffers from
nonresponse. We denote by ry := [r1,r2,...,rN] T the vector of response indicators, where
ri := 1 if y; is observed and ry := 0, otherwise. The set of respondents and nonrespondents
are denoted S, :={k € S:rry =1} and S, := {k € S : rrx = 0} with respective cardinalities
n, and n,,,. We assume that p covariates Xi, Xo, ..., X,,, with measurements x are observed
for every k € S. The observed data are given by

Z)imp =X yr) tk €S U{xg ik €Sy}

The vectors [X, yx, 7]}, are assumed to be independent and identically distributed. The
sampling design # is assumed to be non-informative, that is, 7x = P(Ix = 1|Xy,yy) =
P(Ix = 1|Xy), for every k € U, where Xy and y; denote the population design matrix and
the population vector of the survey variable, respectively. The reader is referred to Pfeffermann
and Sverchkov (2009) for further details. Similarly, the missing mechanism is assumed to
satisfy the Missing At Random (MAR, Rubin (1976)) assumption, i.e., P(ry = 1|Xg, i) =
P(rr = 1|xx) := p(xr). Finally, we assume that there exists a positive constant p > 0 such that
p(x) = p, almost surely. This is the usual positivity assumption. In this article, we restrict our
attention to the customary homoscedastic linear regression model defined as

yi=XB+e,  keU, 2)

where €, satisfies E[ex|xx] = 0 and E[eilxk] =02,
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2.2. Additional notation

Probabilities, expectations and variances with respect to: (i) the distribution of the covariates’
PPx will be denoted by the subscript x; (ii) Py |x will be denoted by the subscript m; (iii) the
sampling design will be denoted by the subscript p; (iv) the nonresponse mechanism will be
denoted by the subscript g. For a set of integers A, we write £ (A) to denote its power set,
where, by convention, we remove the empty set. For two functions f and g defined on the
same domain D, we write f(x) e g(x) if argmin ., f(x) = argmin ., g(x). Vectors
like x € R” will be bolded, and their j-th component will be denoted by x/). We write
X, ¥, p(Xx), 7, € to denote an independent copy of (Xi, yx, p(Xk), 7'k, €k )keU-

3. Asymptotically optimal imputation
3.1. Linear regression imputation and variable selection

Linear regression imputation replaces missing values with predictions from a linear regression
model fitted using the respondent data. Let X, := (XZ) kes, € R"*P and Y, € R denote the
design matrix and the vector of measurements of Y for the respondents, respectively. Provided
that the matrix X, X, is positive definite, the ordinary least-squares estimator of B in (2) is
given by

B=(x7x,)"' XY, 3)

It is not uncommon in survey sampling to fit the imputation model by weighted least squares
using the design weights wy = 71,;1, for k € S. However, since the sampling design is assumed
to be non-informative, the unweighted least-squares fit is justified. For algebraic simplicity, we
therefore focus on the unweighted estimator in (3). The same conclusions would hold for the
weighted version. The linear regression imputed estimator of u is defined as

-
ﬁh::%(z y—i+ Z %)

keS, T keS,,
In practice, some coefficients of 8 may be equal to zero. Let A € P({1,2,..., p}) denote
a family of candidate models. That is, each element @ € A is a subset of {1, 2, ..., p} which
we interpret as the set of included covariates. The complement of a model « is denoted
a® :={1,2,..., p}\a. For example, if p = 3, the model @ = {1, 3} includes the covariates
X and Xj. Its complement is ¢ = {2}, which corresponds to the model containing only the
covariate X».

For any « € A, let xi o denote the subvector of covariates for unit k corresponding to the
indices in @, and let X, , := (XZ o )kes, denote the corresponding design matrix restricted to

the respondents.

A model a € A is correct if ||[Bqc|l2 = 0, i.e., @ contains all covariates with non-zero
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coefficients. The set of correct models is denoted C. The true model a* is defined as the
support of B, that is,

a* = {j e{l,2,...p}; B ¢0}.

The true model a* is the smallest correct model. Under the assumed linear model, it exists
and is unique. A model « is said to be wrong if it is not correct; that is, if it omits at least one
covariate whose coefficient in £ is nonzero. The set of wrong models is denoted W.

To each o € A, we may associate an ordinary least-squares estimator

—~

-1
ﬁa = (X:,QXV,CY) X:—,aYV’ (4)
leading to the corresponding imputed estimator of u:
N
~ 1 X
,ua::N Zy—k+ZM, a e A
kes, "k Kes,, Tk

The aim of this article is to determine which estimator in
T :={ile; a € A}

should be used, and to develop a theoretically sound methodology for conducting inference on
u as efficiently as possible.

3.2. A loss function for imputation

For an arbitrary model «, we may decompose the total error of ji, as

Ho—f = (Mo — fx) + (Ux —p) -
——— ——

imputation/nonresponse error  sampling error
The first term reflects the error induced by nonresponse through the imputation procedure (and
therefore depends on the chosen model @), whereas the second term is the usual sampling
error which does not depend on nonresponse. At the imputation stage, the aim is to reduce the
imputation/nonresponse error as much as possible. To this end, we introduce the following
loss function for imputation:

L,(0) =By [(Fa -], aca,

The loss £ is a measure of the squared distance between the imputed estimator zi,, based on
model a and the complete data Horvitz-Thompson estimator. It is positive and is minimized for
the model « that we would prefer to use for imputation. More formally, we define the optimal
imputation model @,y as as any minimizer of £, that is,

Qopy € argmin L, (a) .

a€A

In principle, one would like to use the imputed estimator jz4,, to estimate u. However, the loss
L,, depends on unobserved quantities and cannot be evaluated from the available data, so @op
is unknown in practice. In the remainder of the paper, we study the properties of 14, and
develop practical model selection procedures to approximate aq for inference.
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Proposition 1. Fix @ € A. Then, L,(«a) admits the following closed-form expression:

T T 2
arg min X X, -
L, (a') = {( Z _1; - Z n__:Ar,l(tX;’r,a/Xr)B}

keS,, T keSS,
+ 0_2 ( Z X;cr,(x A_l Z Xk,
r,a
keSm Tk keSS, Tk
= Ll,n (a') + -LZ,n (a’) .
Proof. See Appendix B.1. O

Proposition 1 yields a useful decomposition of the loss into a bias term and a variance term.
The component £ ,(«) corresponds to the squared model bias induced by imputing under
model @, whereas £ , (@) captures a variance contribution. For any correct model @ € C, we
have L ,(a) = 0, so that correct models contribute only through £ ,, (). Lemma 11 shows
that £, , is a strictly increasing set function, implying that adding covariates to the model
can only increase £ ,, although it may reduce L; ,,. As a result, minimizing £, (a) over A
amounts to a bias—variance trade-off. We do not assume uniqueness of the minimizer; any «
achieving minge # L, (@) is considered optimal.

Proposition 2. If aoy € C, then, almost surely
Ppq (op = @*) = 1.

Proof. See Appendix B.1. O

Proposition 2 states that, for any finite sample size, if the loss is minimized by a correct model
(i.e., aop; € C), then the optimal model must be the true model. In particular, aqp = a*.

3.3. Asymptotic behavior of the optimal imputation model

In general, investigating the properties of aqp for finite sample sizes is challenging. Nonetheless,
we shall show in Section 4 that, asymptotically, £,, has a unique minimizer, which, under mild
conditions, is also the true model.

To that aim, we consider the asymptotic framework of Isaki and Fuller (1982). Let (U,)yen
be an increasing sequence of finite populations, i.e., Uy € U, C ... of respective increasing
sizes (N, )yen. In each population U,,, a sample S, is drawn randomly using a sampling design
P, to estimate the finite population mean p,,. All subsequent steps (i.e., imputation, variance
estimation, etc.) are carried out at each v € N similarly. Note that the number of covariates p
remains constant as v increases. In the sequel, for simplicity of notations, we will omit the
index v when no confusion arises.

The following assumptions are made about the superpopulation model.

(S1) The distribution of the covariates Py is absolutely continuous with respect to the Lebesgues
measure.
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(S2) The covariates x have bounded support, that is, there exists Cyp > 0 such that, almost
surely, ||x]|2 < Co.
(S3) There exists a constant M such that E,, [ef] < M), almost surely.

Assumption (S1) ensures that the matrix 3. ;< XkX; is almost surely positive definite. Condition
(S2) assumes that the covariates are almost surely bounded. This assumption is not strictly
needed, but it greatly simplifies our proofs. An alternative assumption on the moments of ||x||»
could be used, at the price of considerably lengthening our arguments. As such, we do not
pursue this avenue further. Assumption (S3) is a moment condition that we use in various
places. Note that in most of our results, we only require finite second moments. Generally, our
conditions on the superpopulation may not be minimal. For brevity and simplicity of notation,
we shall assume finite fourth moments directly, which will be needed for variance estimation
later.

Remark 1. Throughout the article, we work on the event En,, := {Amin (Nv‘1 2keU, rkkaZ) >
v} for some y > 0. We show in appendix (see Lemma 2) that, for some universal constants
Ci1, Gy, for all large N, we have P, (Szcvv) < Cy exp(—C2N,) almost surely and Ey, is thus
a high-probability event. This conditioning could be removed by considering a truncated
inverse (N;' Ypev, rieXiX)imme = (Ny' Zrew, rixex;) Mgy, . Since the truncated and
un-truncated estimators differ only with exponentially low probability, the difference between
the two does not affect any of our asymptotic results. Therefore, we proceed by conditioning
on Ey, without loss of generality.

Similarly, in addition to the conditions on the sampling design described below, we assume
that P induces a similar high-probability event {X| X, > 0} and condition on this event. This
is a natural assumption, commonly used in the literature, see e.g., Chauvet and Goga (2022).

We will refer to the following assumptions on the sequence of sampling designs (P, )y en.

(D1) The sampling fraction satisfies

.oy "
Iim — := >0
v1—>nc}o N, f
almost surely.
(D2) There exists positive constants 2 > 0 and 2* > 0 such that, for all v € N,

min g, > A, and min 7y, > A*
keU,, k,leU,

almost surely.
(D3) The sampling covariances Ag; := my; — mpmy, for k, [ € U, satisfy that there exists a
deterministic constant A such that, almost surely, for all v € N,

n, max |Ag| <A.
k,leU,

These regularity conditions are common in the literature. Assumption (D1) states that the
sample size n,, grows at the same rate as the population size N,, as v goes to infinity. Assumption
(D2) requires that the first and second order inclusion probabilities remain bounded away from
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zero. Finally, Assumption (D3) ensures that the sampling covariances decrease to zero at a rate
of at least O(n;,!). For a more thorough discussion on these assumptions, we refer the reader
to Breidt and Opsomer (2000).

Theorem 1. Let (o p:,v)ven be a sequence of minimizers of (L, )yen. For a € A, define

Xk, X e P(XK) Tk
5, 3,

. keU, Ny

Z Xk,ac Xy o P (XK) Tk Z Xk, Xy o P (Xk) 7k - Z Xk, Xy e P (Xk) Tk )

keU, Ny keU, Ny keU, Ny .
Assume (S1)-(S2) and (D1)-(D3) and that for « € ‘W,

livnl)i(gf/lmm (Su,) >0 a.s. (C1)
Then, we have
vh_}n;) Pipq (Qope,y = a*) =1 a.s.

Proof. See Appendix B.1. O

Theorem 1 proves that, among all candidates in A, the model ap minimizing the (unobservable)
imputation loss £, eventually is the true model a*. In other words, asymptotically, the optimal
set of covariates for imputation coincides with the true model a*. Of course, in practice,
the true model is unknown, so Theorem 1 is mainly theoretical. Its value lies in guiding the
development of practical selection criteria that asymptotically identify the true model. We
revisit this point in Section 4.

Assumption (Cp) ensures that the omitted covariates X, retain some variation once the
included covariates x,, have been accounted for. To see this, consider the simple case where
p(xx) = p, mp = w for k € U and the intercept is included in @. Then, some algebra shows
that the matrix Sy, defined in (5) is proportional to the following empirical covariance matrix

1
T
SU\, oC F Z rkrk
V keU,

with rg := Xg qc — B Xk, o With B, solving the matrix least squares problem

-1
1
: T 2 T T
B, = argmin —- Z Xk,ac = B Xk,all; = Z Xk,aXg o Z Xk, a Xy ge-

BeRPaxpe 1YV pop keU, keU,

Therefore, Sy, represents the finite population covariance matrix of the residuals obtained by
regressing X, on X,. The assumption (Cy) requires that every omitted direction must preserve
a strictly positive amount of variability after removing the linear effect of the included variables.
Intuitively, it rules out cases in which an omitted predictor could be perfectly reconstructed
from the included predictors, thereby making some incorrect models behave as if they were
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correct. That is, missing covariates would have essentially no missing contribution. In our
setting, assumptions (S1) and (S2) imply that Ex[xx "] is positive definite, so that any covariate
missing will retain some variability, even after accounting for all the other covariates. The next
remark formalizes this.

Remark 2. For an equal probability sampling design, an application of the law of large
numbers gives

a.s.

Su, =25 8. = 7 (Ex[Xaexhe p(0)] = Ex[Xoexh p (9] By [x0X]p(0)]) ™ By [XaX e p()])

VvV—00

Now, consider the block matrix

T T
PXaXy PXaXge

M =nE

|4 B
“ BT )

and note that S, = C — BT A™' B is the Schur complement of A in M. Under (S1) and positivity,
it can be shown that M is positive definite. This implies in turn that S, is also positive definite,
see e.g., (Horn and Johnson, 2012, p. 495). Therefore, Assumption (C1) holds in this case. A
similar reasoning would hold for Poisson sampling. More generally, Assumption (C)) is fairly
mild and is likely to hold for most sampling designs. In spirit, the assumption is in line with
identifiability assumptions of the literature, see e.g., Shao (1993).

T T
PXqeX, PXgeXpe

. —~ . . s~ P
We recall that a sequence of estimators (i1, ),en is consistent for u,, if g, — u, —— 0.
V—00

2

Moreover, if V(z,) exists for all v € N and V(jz,,) —— 72, we call 72 the asymptotic variance
V—00

of 1, and write AV (i1,,) := lim, o V(i,,). Our next result further examines the consequences,
in terms of consistency and asymptotic variance, when using an imputed estimator i, of i,
with @ # a*.

Proposition 3. Let @ € A be an arbitrary model and ([ q.,)ven be sequence of imputed
estimators. Assume (S1)-(S2), (D1)-(D3), and assume also that the sampling design induces
equal first-order inclusion probabilities (ny = n for k € U,,) and equal second-order inclusion
probabilities (ny; = n* for k # 1 € U,,). Then, we have the following results.

(i) The sequence (U v)ven Is consistent if and only if

By [(1 = p(0)xgcBoc | = By [x5(1 = p(0)] Bx [p(0Xax]] " Bx [XaX[eBacp(X)] .
(C2)
(ii) (a) Let @ € C be a correct model. Assume that there exists a constant K such that
the following limit exists lim,_,oo N, (7* — 72) = K. Then, there exists a constant
C(a™), not depending of a, and a function M : C — R, such that

—~ 0'2
A (VN (o = 1)) = C(@*) + =M (@),
where

M:am By [(1- p(x)x5] (Bx [p(0)xaxt]) ™ By [(1 - p(x))Xa] .
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(b) The function M is a non-decreasing function, that is, for a1, ay € C,
a1 Cay = M(ay) £ M(ay),
with equality if and only if

EX [(1 - P(X))Xaz—al]
=B, [(1 - p(x))xaz_mx;] Ey [p(x)xalle]_1 By [p(x)xal] . (C3)

Proof. See Appendix B.1. O

The restriction on equal inclusion probabilities is essentially technical and could be removed
if we considered weighted least-squares in (4) with weights (1/mx)kes, . The first statement
(i) provides a condition (C,) under which the imputed estimator j, is consistent. The
second statement (ii) derives an expression for the asymptotic variance of the rescaled error
VN, (Ha.» — py) for @ € C. By extension, the term "asymptotic variance of a model o" will
refer to that of VN, (la.» — i4y). The quantity AV(y/N, (la., — 14y)) decomposes into two
terms, C(a*) and M (). The first does not depend on «. Since a* is the smallest correct
model, we have M (a*) < M(«) for every a € C.

The aim of Proposition 3 is therefore to highlight the consequences of using (i) too few
covariates or (ii) too many. While these formulas may appear somewhat abstract, we analyze
them further below to obtain more interpretable conditions.

Corollary 1. Consider the set-up of Proposition 3. Assume that either of the following two
cases holds:

(i) The model is correct, i.e., @ € C.
(ii) Let amis := a* N a denote the set of correct covariates, missing in «. Assume the
Jollowing conditions:

(a) The correct missing covariates do not influence p, i.e., for all j € an;s, we have
[p(x) A Xac,j] |Xq.

(b) The correct missing covariates are linearly linked to those included, that is, for all
J € amis, B[xac jXa] = X}y, for somey ; € RPe.

Then, condition (Cy) holds and thus g, — LN 0.

V—00

Proof. See Appendix B.1. O

To obtain a consistent estimator, it is therefore sufficient to either: (i) include all covariates
related to Y; (ii) include all covariates that are related to both Y and the probability of response,
modulo condition (b). The second condition is more difficult to interpret, yet relatively weak,
but essential. It states that the omitted covariates relevant to Y must be linearly related to those
included. Although this may at first appear to be a technical assumption introduced to simplify
the proof, it is in fact required for (C») to hold, as illustrated in the next example.
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Example 1. (i). Recall that a missing data mechanism is said to be Missing Completely
At Random (MCAR) if ri AL yi. Then, condition (a) is trivially satisfied since ry must be
independent of x. If the covariates are independent, then condition (b) reduces to requiring the
intercept to be included in a. This requirement is necessary, as illustrated in the following
example.

Consider the case where p = 2 withx" = [x1,x2] = [1,x], with true model o* = {1,2} and
candidate a = {2}, and suppose that p(x) = p, 0 < p < 1. Then, anis = {1}. Condition (a) is
satisfied but condition (b) is not since E [1|x4] = 1 and, because the intercept is not included,
there does not exist a constant 'y such that y such that 1 = xy almost surely, unless x is almost
surely constant. Condition (b) is indeed needed since it can be shown that
ﬁ(z,v — MKy L —Bo (1 -p) VX—(X)’
= B[]

where By denotes the true intercept coefficient. This asymptotic bias is non-zero whenever
Bo # 0, p# 1 and Vx(x) # 0; note that if x has zero variance then there exists 'y such that
1 = xvy, and consistency holds.

(ii). If the intercept is included and x has an elliptically symmetric distribution (e.g., multivariate
Gaussian), or if its components are independent, then condition (b) is always satisfied and (a)
is sufficient to ensure consistency.

In the following corollary, we examine the behavior of the asymptotic variance obtained in
statement (ii) of Proposition 3.

Corollary 2. Consider the setup of Proposition 3 with a1, ay € C such that «; C a,. Consider
the following assumptions.

(i) Assume that:
(a) Forall j € ar — ay, [p(x) ain x(,z_m,j] | Xq, -
(b) Forall j € ap —ay, E [xaz_(,l,jlxm] =X}, 7, Jor somey; € RPer.

Then, (C3) holds and the asymptotic variances of the models based on a and a; are the
same.
(ii) Assume that there exists a direction ¢ € R*~ % such that

(a) EX [p(x)c-rx(lz—alle] = 0
(b) Ex[(1 - p(x))e"Xay-q,] # 0.
Then, (C3) does not hold and «; has a strictly greater variance than a; .

Proof. See Appendix B.1. O

In the above corollary, we make explicit some sufficient conditions under which one "pays
a price" when adding superfluous covariates, and when one does not. Specifically, in part
(1), our conditions mean that: (a) the covariates added in @, (compared to @) do not explain
the nonresponse mechanism, given the covariates in a;. This occurs for instance when
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p(X) = p(Xq,). Condition (b) means that the addtional covariates are linearly related to those
already included in . Together, these conditions describe a situation in which the covariates
in ap — a; are both "uninformative, in mean" and "irrelevant” for the nonresponse mechanism,
once the covariates in a are included. For example, consider the true model a* = {1, 2} with
X1 =1, and suppose that X, and X3 are independent. Then condition (b) is satisfied, and if
p(x) = p(X1, X3), using X, X», and X3 leads to the same asymptotic variance as using only
X1 and Xj. In part (ii), we move in the opposite direction and provide an example where adding
superfluous covariates increases the variance. To better interpret these conditions, consider
a new random variable z = ¢"X,,-q,, representing a direction in the space spanned by the
added covariates @, — a. The first condition means that z is a new direction, not captured by
the covariates in @, among respondents, while the second requires that there be a nonzero
nonresponse signal along this direction.

4. A methodology for asymptotically optimal variable selection

Theorem 1 establishes that the true model is optimal for imputation under the loss function L.
In practice, however, the true model is unknown, and the corresponding imputed estimator i+
serves only as an oracle benchmark. In this section, we develop a practical procedure that attains
the same asymptotic efficiency as this oracle imputed estimator and yields asymptotically valid
confidence intervals.

4.1. Asymptotic equivalence with the oracle

Model selection for identification (i.e., recovering the true non-zero coefficients of a linear
regression model) has been extensively studied for i.i.d. data; we refer the reader to Shao (1993,
1997) or Rao et al. (2001) for a textbook discussion. We call a model selection criterion any
(possibly data dependent) measurable map C,, : A — R used to select a model @ € A, that is,
to choose @¢, € A satisfying

@¢, € argminC, (@) .
aeA

Common model selection criteria for linear models include the Akaike Information Criterion
(AIC, Akaike (1970)), the Bayesian Information Criterion (BIC, Schwarz (1978)), cross-
validation, among many others. On i.i.d. data, a model selection criterion C,, is said to be
consistent if

lim P, (ag, =a*) =1

n—oo
almost surely. That is, as the sample size n diverges to infinity, the model selection tends to
only select the true model. Not all model selection criteria are consistent; for instance, under
appropriate conditions, the BIC criterion is consistent, while leave-one-out cross-validation is
not. The next lemma formalizes that, under the MAR and non-informativeness assumptions, if
C, is consistent on i.i.d. data, then it is also consistent with survey data.

Lemma 1. Let Cy, be a model selection criterion fitted on {(Xx, yx) : k € U, } and Cs, be
the corresponding algorithm fitted on {(Xr,yx) : k € S, }. Denote by ay, and @s, , their
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respective minimizers. Assume (S1)-(S2), (DI1)-(D3).

If
VIEEOP'” (au, =a*) =1, a.s.
then
Lim P, (@s,, =a*) =1, a.s.
Proof. See Appendix B.1. O

Lemma 1 formalizes the intuition that model-selection consistency transfers from the population
to the sample of respondents, provided that the sampling design and the nonresponse mechanism
do not shift the conditional distribution P,,. Although this result is quite natural, it plays an
important role in the developments that follow. A natural extension of Lemma 1 would be to
consider informative sampling designs with appropriately weighted model selection criteria.
Such criteria have been suggested, for instance, in Lumley and Scott (2015); Wieczorek, Guerin
and McMahon (2022); Iparragirre et al. (2023); however, to the best of our knowledge, their
consistency has not yet been formally established. This question is beyond the scope of this
article and will be relegated to future work.

The first step in our methodology is to use a consistent model selection criterion to select a
model @. Then, to use the imputed estimator 15 based on the selected set of covariates @. This
will asymptotically lead to an optimal estimator among all possible models.

Theorem 2. Let (@), cn be a sequence of models selected by a consistent model selection
procedure and ([, )ven be the corresponding sequence of imputed estimators. Assume
(S1)-(S2), (D1)-(D3). Then,

\/n_v (ﬁ&v - /vlv) = \/E (ﬁa/*,v - /JV) + OP(l)-
Proof. See Appendix B.1. O

The above states that, once a model selection procedure asymptotically identifies the true
model a* with probability one, the asymptotic distribution of the feasible estimator i1 is the
same as that of the oracle estimator. In other words, we can proceed with inference as if the
true model were known a priori. This legitimizes the use of standard model-selection tools,
such as BIC, for survey imputation and shows that the bias or extra variability introduced by
using a data-driven model @ disappears asymptotically. The key idea of the proof is that, on
the event @, = a*, we have ji; = [1,~. Because this event has asymptotic probability 1, what
happens on the complement does not matter.

4.2. Consistent variance estimation

The second step of the methodology is to perform "classical" variance estimation, based on
the model @ selected by a consistent model selection procedure. By classical, we mean using
the same variance estimators as traditionally used, but with model @ instead of all available
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covariates. In this article, we focus on the reverse approach (Fay, 1991; Shao and Steel, 1999),
although a similar approach with the method of Sirndal (Sdrndal, 1992) could also be used.
For additional details on variance estimation with the reverse approach, we refer the reader to
Kim and Rao (2009) and Haziza and Vallée (2020). The next theorem establishes that, for any
a € C, there exists a first-order asymptotically equivalent linear (in the sampling indicators)
estimator of 1i,. More specifically, let

—~ 1 Nk,
MHay = Z e
Ny kes, Tk

denote the linearized imputed estimator with ng o = XZ Bao +ri(l+ nkc;’vxk,(,)ek and

,a
-
rknkxk’(,xk,a
Coyv = Z N—
keU, v

-1
Z (1- rk)xk,a' ©)

keU, Ny

The result below closely parallels Theorem 1 of Kim and Rao (2009); however, their proof
does not apply directly to our setting because we use an unweighted least-squares estimator
E, whereas they rely on a weighted estimator. For completeness, we extend their theorem to
unweighted regression imputation.

Theorem 3. Let @ € C be a correct model and consider sequences ([q.v)ven and (o v)ven.
Under assumptions (S1)-(S3) and (D1)-(D3), we have

\/ﬁ (ﬁa,v - ﬁa,v) = O]P’(l)- (7)
Proof. See Appendix B.1. |

To perform variance estimation, consider the following decomposition of V7 («), the variance
of /~7 o~ M

VT(a’) = Vmpq(/ja/ - ,u) = Eq [Em [Vp(ﬁa - ,u)” + Eq [Vm (Ep [/7(1 - ,u])]
+ Vg (Em [Eplia —ul])
= Vi(a) + Va(a) + V3(a).

Noting that for @ € C,
Emp o — 1] =0,

it follows that

Vinpg(Ho — 1) = Vi(a@) + Va(a).
We start by estimating 8, by E o and ¢, with

. - (Z rkxk;xz’a)‘lz (1 _A’;fr)Xk’a- ®)
kes kes k

The estimator V, (@) of Vi (@) is defined as

= 1 A ik M1
@) =35 2, 2 a
kes 1es Tkl Mtk



Variable Selection for Linear Regression Imputation in Surveys 15
with

ﬁk,a :X;(r,aﬁa'*'rk (1+ﬂkE:;Xk’a) (yk—X;{r’aﬂa), kesS. (9)
To estimate V> (a), we start by estimating o> with

—~ \2
T
Tk (yk - X, aﬂa)
/\2 _ >
oo = E :

kes r = Pa

(10)

We then estimate V,(a) by

2

—~ 2 1- ry +rg (ﬂ'k’é:;Xk,a)
Wa(a) =0, Z e .
kes Tk

Finally, for @ € C, an estimator of the total variance, V,,,,(ilo — p), is given by Vr(a) =
Vi (@) + Vz(a). This is, for a fixed @ € C, the customary variance estimator obtained via the
reverse approach; see, e.g., Kim and Rao (2009); Haziza and Vallée (2020) for additional details.
Although widely used, the consistency of the variance estimator V7 has, to our knowledge, not
been rigorously established. The next result provides a formal justification. To this end, we
impose the following additional assumption on the sampling design:

(D4) Let D4 n, be the set of the distinct of 4-tuples from U, . The sampling design satisfies

lim max LI —m) (Il — 7 =0,
Am (i’j,k,l)€D4’NV|( il; = mij)(icdy = 7))

almost surely.

This assumption is commonly used to establish the consistency of the Horvitz-Thompson
variance estimator, see, €.g., Breidt and Opsomer (2000).

Theorem 4. Let @ € C and consider a sequence of variance estimators { ‘//\T’v (@) }ven. Assume
(S1)-(S3) and (D1)-(D4), and that there exists c|,q and c3,o Such that

vap [(/ja,v - ,uv)] \);Lm) Clas N,V (Ep [,aa,v - /Jv]) \);Loo) C2.a-

Then, we have

Vr.o(@) = Vr.o(@)] = op(1).

ny

Proof. See Appendix B.1. m|

We propose estimating the variance based on the model @ selected by a consistent model
selection criterion. The next result establishes the validity of this approach.

Theorem 5. Let {@,},en be a sequence of models selected by a consistent model selection
procedure, and {Vr(@,)}yen be the corresponding sequence of variance estimators. Assume
(S1)-(S3), (D1)-(D4), and that there exists a constant ¢ > O such that, almost surely,

lim n,Vr,(a*) = c.
VvV—00
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Then, the estimator Vr ,,(@,) is consistent, that is,

VT,V(Z}?V) P
MNACLVELIINT
VT,V(Q*) v/

Proof. See Appendix B.1. O

Theorem 5 shows that the variance estimator computed under the selected model @, is
asymptotically equivalent to the variance that would be obtained under the true model a*. In
other words, using a consistent model selection procedure does not affect first-order variance
estimation: we may estimate the variance as if the true model were known.

4.3. Asymptotically valid and optimal confidence intervals

The final step of the proposed methodology is to derive asymptotically valid confidence
intervals. To this end, we first establish the asymptotic distribution of the imputed estimator
based on a consistent model selection procedure.

Theorem 6. Consider a sequence (@,),en of consistent models and let ([iz)yen and
(Vrv(@))ven be the corresponding point and variance estimators, respectively. Let B,, :=
o ((rk> Xk, €)rev, )- Assume (S1)-(S3), (D1)-(D4) and the following conditions.

(i) The oracle estimator 1o+, satisfies a design central limit theorem, that is,

— _ 1 1
Vp (Ha*,v) 12 (N_ Z (ﬂ—i - 1) Nk,a*

B8, —=5 N(O, 1),
v & V—00

(ii) There exists a constant c3 > 0 such that
~ P
Ny (Fams) —= s
V—00

(iii) The first-order inclusion probabilities (7y)kcu, are such that there exist constant positive
definite matrices C| and C, such that

1 P 1 P
N_ Z rkﬂ'kxk,a/*x;l;a* — Cy, N_ Z rkﬂ'ixk,(t*x;{r’a* — (.
v Kel, Vv—00 v KT, Vv—00
Then,
ﬁ[i,v — My L
— T N(O,1).
VT,v(a'v)
Proof. See Appendix B.1. |

The regularity conditions (i) - (iii) in Theorem 6 are standard and fairly weak. Condition (i)
means that the Horvitz-Thompson estimator with values (17x, o*)xev, is asymptotically normal.
The asymptotic normality of Horvitz-Thompson estimators has been established for some
commonly used designs: Hijek (1960) for simple random sampling without replacement,
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Hijek (1964) for conditional Poisson sampling, Bickel and Freedman (1984) for stratified
sampling, and Krewski and Rao (1981) for probability-proportional-to-size cluster sampling
with replacement. For instance, in case of simple random sampling without replacement, is is
enough to show that, (see, e.g. Thompson (1997), page 59) a.s., E;,pq [nii‘f] < oo for some
0 > 0. In our setting, this condition can be verified to hold. The two other conditions can also
be shown to hold in simple random sampling and other common sampling designs.

The proposed methodology is summarized in Algorithm 1. The central idea is that when the
imputation model is selected using a consistent model selection criterion, the effect of model
uncertainty becomes asymptotically negligible. More precisely, the selected model coincides
with the true model with probability tending to one, so that standard inference procedures
applied conditionally on the selected model remain asymptotically valid. Consequently, point
and variance estimation may be carried out as if the selected model were known in advance.
This greatly simplifies inference after model selection: asymptotically valid confidence intervals
can be obtained without the need for post-selection corrections or more elaborate resampling
schemes, while retaining full efficiency.

Combining our previous results yields the following property for the confidence intervals
obtained by Algorithm 1.

Algorithm 1 Variable selection and inference for linear regression imputation

Input: The observed data {(Xg, yi, k) : k € Sy} U {(Xg, k) : k € Sy}, a family of candidates A, and a
consistent model selection criterion Cj,.

Step 1. Model selection. Select the covariate set
a = arg min Cy(a),
g - n(@)
where Cj, is a consistent selection criterion.
Step 2. Point estimation. Compute the imputed estimator iz using the model @ selected in Step 1.

Step 3. Variance estimation. Estimate the total variance VT(ZJZ) using the variance estimators corresponding to the
model @.

Step 4. Confidence interval. Construct the (1 — 2«) interval

fig—21—ap\Vr@) . fig+21-ap\Vr(@)

where 7| _ o /2 denotes the 1 — @/2-quantile of N'(0, 1).

Cly_o(fig) =

bl

Output: The 100(1 — @)% confidence interval CI; _, (j5) for the finite population mean y.

Corollary 3. Consider a sequence of confidence intervals (Cli_o([15)), ey Obtained via
Algorithm 1. Assume the conditions of Theorem 6. Then,

lim Ppupg (1 € Cli—a(fg,)) =1 -

Vo000

almost surely. Moreover, the confidence intervals are asymptotically optimal, attaining the
minimum width achievable under any competing model.
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The asymptotic coverage follows immediately from Theorem 6. The optimality follows from
the fact that i1 has the same asymptotic variance as [t 4+, which by Proposition 3 is the lowest
since M is non-decreasing.

5. Simulation Studies

In this section, we present the results of simulation studies evaluating the efficiency of the
proposed methodology. We first examine the behavior of the loss function £, (a) across
different model specifications, the efficiency of point estimators based on various model
selection criteria, and then assess the performance of their variance estimators, including their
ability to achieve the desired asymptotic coverage for the confidence intervals obtained from
Algorithm 1.

In our simulation experiments, we adopted a finite-population framework. Specifically, for
each scenario, we generated multiple finite populations of large size N from the assumed
superpopulation model. From each generated population, a sample of size n was selected
according to the specified sampling design. Item nonresponse was then generated within
each selected sample according to the prescribed response mechanism, after which the
proposed imputation procedure was applied. This entire process—population generation,
sampling, nonresponse generation, and imputation—was repeated 20,000 times to evaluate the
finite-sample performance of the proposed methodology.

5.1. Simulation set-up

We generated finite populations of sizes N = (1000, 2000, 5000) and p = 20 independent
covariates from a Gamma distribution with shape parameter 5 and scale parameter 2. The
survey variable was generated according to

yi=xB+e,  keU,

with g = [10,9,9,8, 8,7,01T4]T and ¢, ~ N(0,3600) for k € U. The first six covariates,
therefore, correspond to signal variables, while the remaining fourteen covariates are noise
variables with no effect on the outcome.

We considered three sample sizes n = (100, 200, 500) under the following designs:

(1 Simple random sampling without replacement.

(ii) Stratified sampling: the population was first sorted by —(3x; + 2x, + 4x3 + 5x4). It was
then partitioned into H = 4 strata defined sequentially from the ordered list, containing
respectively 50%, 25%, 20%, and 5% of the population units. In each stratum, the sample
S was selected by simple random sampling without replacement of size nj based on
Xxp-optimal allocation.

These sample sizes were chosen to correspond to the population sizes N = (1000, 2000, 5000),
yielding a constant sampling fraction of 10%. In other words, both the population size and
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the sample size increase at the same rate across scenarios while maintaining a fixed sampling
fraction.

We choose an embedded collection of models A consisting of the following 20 models

{1} c{1,2}c---c{1,2,...,20}.
N—— N—— N e’
= = =g

Although we do not write it explicitly, note that the intercept is included in every model.

Response indicators were generated with
logit(p(xk)) = 0.1 x (=70 + x; £), k eU,

with £ = [1, 1,1,1,0,0,1, 1,1, OITI]T. This led to a response rate of approximately 50%.

5.2. Behavior of L, (a) with different models

We first investigated the behavior of £, () for @ € A. Here, we present only the results for the
case N = 5000 and n = 500. The results obtained for the other combinations of N and n were
very similar and are therefore not reported here for brevity. Given that the loss function £, («)
is unknown in practice, we estimated it by a Monte-Carlo approximation with B = 20, 000
iterations.

As a measure of bias of a point estimator, we used the Monte-Carlo Relative Bias (RB) defined
by

~(b) _ ,,(b)
RB(f) = 100% X Z“ £~
u

where 1?) denotes an arbitrary estimator and u?) denotes the finite population mean at
iteration b, respectively. As a measure of efficiency, we computed the Monte-Carlo Relative
Efficiency (RE) defined by

B (@® - )y
SE () - p®)?

where & ,u,r b) denotes the HT estimator in the b-th replication. The results of the simulation
are presented in Table 1. We start by observing that the rankings based on our proposed loss
L, and on the relative efficiency (RE) were perfectly aligned: under both sampling designs,
the 20 models were ranked in exactly the same order. This confirms that the loss £, behaves
as expected and that the model minimizing £,,, which we refer to as the optimal imputation
model, is indeed the best choice in practice.

RE(R) = 100% x

Next, recall that the models labeled a—as are misspecified, as they fail to include at least
one of the important predictors among X, . . ., Xg. The variables X; to Xy are also correlated
with the missingness mechanism. Consequently, since these variables are associated with the
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Table 1
Loss L, (lia), relative biases and relative efficiencies across models for sample size n = 500.

Model | Ln(e) RB  RE | L(@) RB  RE
SRSWOR Stratified

@ 4913 43 2267.1 | 587.5 4.7 39409
@ 2355 29 11394 | 2948 32 2023.6
a3 63.6 13 3813 | 892 1.7 6773
ay 155 01 1666 | 163 00 2025
as 121 00 1522 | 127 0.0 180.1
ag 97 00 1422 | 100 00 1626
a7 103 00 1445 | 105 00 1659
ag 110 00 1477 | 113 00 1707
@y 117 00 1507 | 11.9 0.0 1749
a0 118 00 1510 | 120 00 1753
ay 119 00 1511 | 120 00 1755
a2 119 00 1513 | 121 00 1759
a3 119 00 1515 | 121 00 1762
a4 120 00 1517 | 122 00 176.6
ais 120 00 1519 | 122 00 1770
@ 121 00 1523 | 123 00 1774
a7 121 00 1525 | 124 00 1777
a3 122 00 1526 | 124 00 178.1
a9 123 00 1530 | 124 00 1785
a0 123 00 1532 | 125 00 178.8

response mechanism, omitting them from the imputation model may induce a bias that does
not vanish asymptotically, leading to an inconsistent estimator, as indicated by Corollary 1. In
contrast, once X1, X7, X3, and Xy are included in the imputation model, no asymptotic bias is
expected. To illustrate this, consider for example model @4, for which a5 = {5, 6}. Since all
covariates are independent, Condition (b) of Corollary 1 is satisfied: X5 and X do not explain
p(x) conditional on x,,. Moreover,

E[Xs | X1, X2, X3, X4] = E[Xs5] and E[Xs | X1, X2, X3, X4] = E[X¢]

are constants. Because the intercept is included in the model, both conditions of Corollary 1
hold for a4. The simulations clearly reflect this behavior: models a; to a3 were biased, and
exhibited poor efficiency with values of RE ranging from 381.3 to 2267.1 for simple random
sampling without replacement. As soon as X4 was added to @3, the bias vanished. However,
the model a4 was not the most efficient. Indeed, the true model, ag, was the most efficient,
thereby illustrating Theorem 1.

The model «g is the true model. As expected, it exhibited negligible bias, the smallest £, (@),
and the highest efficiency. This is consistent with Theorem 1, which suggests that the true
model should also be the optimal model for imputation, as observed here. Recall that the models
a7 — @y belong to the set of correct models, and thus their biases are also negligible. Moreover,
Ly(aj) > Ly(ag) for j =7,...,20, as explained by Proposition 2. While X7 — X9 explains
p(x), including these variables in the imputation model leads to an appreciable increase in
L, (@) and in the relative efficiency of the resulting estimator. Furthermore, Proposition 3
implies that the asymptotic variance of the imputed estimator based on @7 — a9 is larger than
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that based on ag, resulting in lower efficiency for these models. In contrast, X;9 — X9 do not
explain p(x), conditional on X4,. Moreover, Ex[X;[xq,] = Ex[X/] for j = 10,...,20, which
are constants. Because the intercept is included in the model, both conditions of Corollary
2 hold for ag. Hence, the efficiency of the imputed estimators based on a9 — a9 is not
substantially different from that obtained under ayg.

5.3. Point estimation with model selection criteria

We now study the behavior of imputed estimators based on models selected by commonly used
model selection criteria such as AIC, BIC, and K-folds cross-validation with & = 5.

To further investigate the model selection capabilities of each of the criteria, we computed the
Monte-Carlo identification probability defined by

B
Pac (@ = {a*}) = % S11(a = a*),

b=1

where @ denotes a model selection criterion. We present the results in Table 2.

Table 2
Performance of imputation under different model selection criteria across different sample sizes.
Note: we used the notation C~ = C — a* to denote the set of overfitted models, i.e., models that contain all true
covariates, and additional superfluous ones.

Sample size  Criteria RB RE W a* Cc- ‘ RB RE W o c”
SRSWOR Stratified
AIC 0.0 1641 1.6 499 485 | 0.0 1938 15 522 463
n =100 BIC 0.0 1515 7.5 8.0 105 | 0.0 1763 7.0 830 10.0
Cross-validation | 0.0 1577 39 375 586 | 00 1857 35 37,5 590
True model 0.0 1479 - - - 0.0 170.2 - - -
AIC 0.0 1505 00 639 36.1 | 0.0 1705 0.0 637 363
n =200 BIC 0.0 1450 05 945 50 | 0.0 163.6 03 949 438
Cross-Validation | 0.0 150.8 02 392 60.6 | 0.0 170.6 0.2 39.1 60.7
True model 0.0 143.6 - - - 0.0 1623 - - -
AIC 0.0 1468 0.0 692 307 | 0.0 1689 0.0 68.5 315
n =500 BIC 00 1427 00 976 24 | 00 1633 0.0 976 24
Cross-Validation | 0.0 1469 0.0 393 60.7 | 0.0 170.1 0.0 38.5 605
True model 0.0 1422 - - - 0.0 162.6 - - -

Across all sample sizes, the imputed estimators based on the AIC, BIC, and cross-validation
criteria showed negligible bias for both sampling designs. This is explained by the fact that
these three model selection criteria are known to satisfy P(a, € W) — 0 as v — oo at
the population level (Zhang, 1993; Shao, 1997), and hence also at the sample level by an
application of Lemma 1. This behavior was confirmed in our simulations, where the probability
of selecting a wrong model converged to O for all three criteria. Consequently, the imputed
estimators based on these selected models are consistent. However, AIC and cross-validation
are not consistent model selection procedures and exhibited overfitting probabilities of 30.7%
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and 60.7%, respectively, for n = 500 in our simulations. Since the imputed estimators based on
these models are consistent, the lower efficiency indicates a larger variance. For n = 500, the
imputed estimators based on AIC and cross-validation were less efficient, with RE values of
146.8% and 146.9%, respectively, compared with 142.2% for the true model. As explained in
part ii) of Proposition 3, the true model achieves the smallest asymptotic variance, whereas the
variance of an imputed estimator based on an overfitted model is necessarily larger. In contrast,
BIC remained consistent with the probability of selecting the true model reaching 97.6% for
n = 500. As a result, the point estimator based on BIC was the most efficient in all cases.
Moreover, as established in Theorem 3, the imputed estimator based on BIC is asymptotically
equivalent to the oracle imputation estimator based on the true model.

5.4. Variance estimation and confidence intervals

We now turn to the problem of variance estimation and confidence intervals, as per the
procedure described in Algorithm 1. More specifically, we were interested in the relative bias
of VT(E?) as an estimator of V (@), with @ denoting a model selected via a consistent model
selection procedure; here, the BIC criterion was adopted. We computed
B (b)) ~ ~
RB(V7(@)) = 100% x lz r (@ VAM c#z)
B Vmc(ig)

B

with

LS 13 )

. (b ~(b

VMC(/J&)——B_lz(/J(; —ZZ#(; )
b=1

m=1

denoting the Monte-Carlo variance of ;. We also were interested in verifying empirically
that P (u, € CIj_o(11z)) =~ 1 — @, as should be asymptotically by Corollary 3. We computed

B
1
~ N _ (b) (b) ~(b)
CP(ugz) = 100% x 3 E 1 (,u € CIl—a(:“a )

b=1
where Clili)a m f;b)) denotes the output of Algorithm 1 at iteration b. The results are presented
in Table 3.

Table 3
Relative biases of variance estimators and coverage probabilities evolution as n increases with various sampling

[fractions.
SRSWOR Stratified
5% 10% 20% 5% 10% 20%

RB CP RB CP RB CP ‘ RB CP RB CP RB CP

n =200 29 945 49 942 80 938 | -49 941 -55 941 -106 935
n =500 3.1 946 30 946 -58 942 | -40 945 -40 943 82 938
n=1000 | -3.2 945 -19 948 -46 943 | -1.8 947 -32 947 -45 943

For smaller sample sizes, the relative biases were slightly larger as the sampling fraction
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increased. Consequently, the coverage probabilities were slightly below the nominal 95% level,
particularly when n = 200. However, for a fixed sampling fraction, as both the sample and
population sizes increased, the negative biases diminished and eventually became negligible.
This pattern was consistent across both sampling designs.

These results confirmed the asymptotic validity of the proposed variance estimation procedure:
as the sample size increased, the bias of the variance estimator vanished, and the empirical
coverage probabilities converged to their nominal levels. Hence, Algorithm 1 produced reliable
confidence intervals in large samples under both simple random sampling without replacement
and stratified sampling.

6. Final Remarks

This paper develops a theoretical framework for model selection in the context of imputation
under survey sampling. We introduced an oracle loss function that quantifies the efficiency of
an imputation model and showed that its minimizer asymptotically coincides with the true
model. Under standard regularity conditions and a non-informative sampling design, model
selection procedures that are consistent in the i.i.d. setting remain consistent when applied
to survey data. In particular, the BIC criterion asymptotically identifies the true imputation
model.

Based on this framework, we established the asymptotic properties of the imputed estimator
and its variance when the imputation model is selected using a consistent criterion. The
resulting estimators are asymptotically equivalent to those obtained under the true model,
therefore achieving oracle efficiency. These results provide a theoretical justification for the
use of standard model-selection tools in imputation problems involving survey data.

Simulation results support the theoretical findings. The loss function £, discriminates
effectively between models, with bias vanishing once all relevant predictors are included. The
BIC criterion consistently identifies the true model, whereas AIC and cross-validation tend to
favor overly complex specifications. The proposed variance estimator performs well in finite
samples, exhibiting negligible bias and empirical coverage close to the nominal level.

The proposed framework establishes a rigorous connection between model selection and
imputation in survey data. It shows that, under appropriate conditions, selecting an imputation
model with a consistent criterion yields asymptotically valid inference. It would be of interest
to extend these results to broader classes of imputation models or to settings with informative
sampling designs. A first step in this direction could be to leverage the favorable model-
selection properties of cross-validation in nonparametric regression (Yang, 2007). Another
related promising avenue would be to investigate the use of aggregation (Nemirovski, 2000;
Bunea, Tsybakov and Wegkamp, 2007) to combine several models. This was tested empirically
for the treatment of unit nonresponse with good results in Larbi et al. (2025), but a theoretical
investigation of the topic is currently lacking.
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Appendix A: Additional notation

The Euclidean vector norm is denoted ||-||2. The operator and Frobenius norms of a matrix are
denoted by ||-[|,, and [|-|| 7, respectively. The largest and smallest eigenvalues of a symmetric
matrix § are denoted A, (S) and A4 (S), respectively. We write Tr (S) to denote the trace
of a square matrix S. We use S = O (resp, S > 0) to denote that the symmetric matrix S is a
positive semi-definite (resp, positive definite) and write S| = S, to mean that §; — S, = 0.
The identity matrix of R"*" is denoted I ,.

Here, z,, = op(1) indicates that for any € > 0, we have

‘}Lngopmpq (lznl >€) =0

almost surely. We may omit the phrase "almost surely” or "a.s." in some intermediate steps of
the proof. To express that A U B is a disjoint union, we use A ¥ B. We use x,, ~, 2z, to say
that x,, — z,, = op(1). To say that two random sequences (x,),en and (z,)nen are of the same
order in probability, we write x,, <p z,.

The matrix XX, is denoted by A, := X[ X,. Similarly, for @ € A, we write A, , :=
X o X o

Appendix B: Proof of main results
B.1. Invertibility with high-probability
Lemma 2. Assume (S1)-(S2), (D1)-(D2). Let

wo._ T
AV = N— Z Wil Xg Xy ,
V keU,

for a set of o (X)-measurable weights (wi)keu, satisfying that, there exists v > 0 such that,
Jorallv e N, wy > v, for all k € U,. Then, there exists constants Cy,C2,C3 € R} and an
index vy := vy ((Xr)rkev) € N such that, for all v > v, almost surely,

Pg (Amin(Ay) < C3) < Crexp (-CoNy) . (1D

Proof. Since wi > v uniformly, we have
w . . 1 T
AV =vA,, with A, := v Z FEXEXy .
keU,

In particular, this ensures
/lmin(A\V;V) 2 V/lmin(Av)a

so we shall prove the inequality for A, instead. Note that

1 a.s. 0
E, [AV] = ~ Z p(xk)xkxz = AP — Ex [p(X)XXT] = A,

keU,,
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In our setting, A(®) + 050 that (™) := /lmin(A(‘x’)) > 0. Since the convergence to A g
almost sure, there exists an event E such that Py(E) = 1, on which for all w € E, there exists
vo(w) such that for all v > vy,

o ()

ﬂmin(Av) 2 T

Wenow fix w € E, and v > vg. Let
Z; = N;lrkxkxz, k eU,,

and note that (Z)xey, are (i) positive semi-definite, (ii) of the operator norm uniformly
bounded || Z||,p < Cg /N with Cy satisfying ||xx|2 < Cp. In particular,

> 7

keU,,

o ()
7

Hmin = Amin (Eq ) = Amin (A‘I,)) >

An application of Matrix Chernoff’s inequality (see, e.g., Theorem 5.1.1 in Tropp et al. (2015))
gives

HminNVy O'(OO)NV

. 2 2
S@)SP(\/?) CO Sp(\/g) 2CO
2 e e

P, (zmin ( >z

keU,,

Noting that 2/e < 1, we write

0'(°°)NV

2\ 2c? (e0)
p( —) 0 =Cjexp(-CyN,), with Ci:=p, C:= g In

e
O-(OO) Hmin
STC/lmin ZZkSZ 5
keU,,

we get that, almost surely, for all v > vy,

(«0)
g
P, (Amin ( > zk) <=

keU,

Overall, since

p

keU,,

< Ciexp (-C2N,)

which also translates to its weighted version. O

Proof of Proposition 1.

In the remainder of the proof, we fix an arbitrary @ € A. Observe that

2
—_xT T 7 T p
(yk Xk,aﬂfl) Yk — Xk,aBa yi — Xl,a @
PRBTEH ol PR Dyl yE . T
KESm Tk KESm 1€Sm k !
I#k

=A, (@) + B, (a).

We compute each term separately.
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Computation of A, («). By expanding y; = XZ, B+ €k for k € S;,, we obtain

_ .
A S| [
k k,ad” @ € €k —~
D - FEn | Y El2E, | Y ;(x;ﬁ—x;ﬂpa)
k

KESm Kes,, "k Kes,, "k
2
TR _ T
(Xkﬁ Xp o w) o2
|y Ly e
T KeSm Tk

keS,,

The first term can be rewritten as
\2
T T
(Xkﬁ - Xk,aﬂa/)

Emz .

2
keSm k

2
T T -1 vT
(x[B - X[ A7 L X] Y ")

- E,, Z p-

2
(X[8 - X[ A7 X7 o X,B)

-E,, Z —

keSS, k
T -1 yT T -1
X] A7 0X] By l6r€]] Xr 0A) Xk 0

ko r,ar,a—m
3 :
T

keSm

2
TR _ T -1 ¢vT T -1
(Xkﬂ Xk,aAr,aXr,aXrﬁ) 2 Xk’aAr,an,a/
ror Y ShatraXie

- Z 2
Tk KESm Tk

keS,,
Overall,
T T -1 vT 2
(Xkﬂ - Xk,aAr,aXr,(erB) ) XZ’QA;’IQX](,(,
An(a/)zz ‘o Z—+Z—.(12)
n2 n? n2
keSm k keSm, k keS,, "k
Computation of B,, (). Note that
T 7 T p
20 2 = xLaBa) (1= xLBa)
keSS, €Sy,
1#k
T T 7 T T p
= Z Z (xkﬁ+ek—xk’aﬁ0) (Xlﬂ+el—xl’a a)
keS,, l€S,,
15354
T T p T T 7
=2 dlaat 3 3 a(SB-xBo)+ D, D e (xiB-xi Bl
keS,, leS, keS,, l€S,, keS,, leS,,
£k 1#k 1#k
T T 7p T T 7
+ 3 (XB-X]oBa) (B X B ) (13)
keS,, leS,,

l#k
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It follows from the above that the first three terms of (13) have mean zero. Consider the

following decomposition of the last term:

T T B T T B
(Xkﬁ_xk,a a) (Xzﬁ_xz,a a)

2 2 p

k€S, €Sy
l1#k
(XTB ~ X[ AT X o (X8 +€)) (XTB =X, A7 L X] (X, B +€,))
keS,, €S, Tk a
1#k
T T —1 T T -1 yT
Z Z (Xkﬂ_xk,a r,a r a rﬂ) (X[ﬁ_X[’Q,Ar,aXr,(tXVﬂ)
KESym [€Sm Tk &
l#k
xI ATLX, e (X B-x A LX] X.B
k. r,a€r l,a r
+2
KESym [€Sm Tk 4
1#k
T _
. Xz aA X7, a€r €] XTaAr oXl.a
KESym [€Sm Tk T
l1#k
It follows that
Z Zyk Xkaﬂayl Xla a
KESum 1€Sm T
l1#k
TAa_vT R TA _«T R
(Xkﬁ Xk,aﬁa) (XZB Xl,(t 0’)
=Bu| D, ),
KESym [€Sm Tk &
l+k
T T - T T
(Xkﬁ _Xk a r (z r a Vﬁ) (X]B - Xl a/Ar (er a FB)
KESm [€5m Tk &
l1#k
T -1
X, A7 X]
k, r,a*l,@
+0? =t (14)
KESm 1€Sm Tt

l#k

Combining the closed-form formulas of A,, (@) in (12) and B,, (@) in (14), we get
2

‘E” (CL’) = Z ﬂ-kl ( Xp — X;c—,a/A;,laer,aXr)ﬂ

keS,,
T
X
k, _ X], 1
s {3 a3 2e) 5 L
Tk €S, T keS,, ﬂk

keSm,
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Proof of Proposition 2.

Let @1, @, € C such that @) C ;. Recall that, for any @ € C, £ , (@) = 0. Thus,
Ln (Cl]) < Ln (Q'Z) < -£2,n (CZ]) < -£2,n ((12) .

Since a* is the smallest correct model, the result follows using Lemma 11.

Proof of Theorem 1.
We will show that limy e Py (@oprv # @*) = 0. We may write the event {@,p,, # @*} as
a disjoint union
{a'opt,v * a'*} = {a'opt,v € Ca a'opt,v # a*} E‘J {a'opt,v € (W}a
so that
qu (aopt,v * a/*) = qu (a'opt,v € C, Qopt,v * a*) + qu (aopt,v € (W) =Dyt pay.
Using Proposition 2, we have directly that p;, = 0 for all v € N.

Let o := {1,...,p} € C be the set of all covariates. For p; ,,, consider the following
decomposition

P2y = Ppg (Lul@opr,y) < Ln(a™))
=Ppq (Ln(@opry) < Ln(a™), Ln(a*) < Ly(aF))
+Ppg (Ln(@opry) < La(a@™), Lu(a™) > Ly(aF))
<Ppg (Lu(@op,v) < L(ap)) +Ppg (Ln(ar) < Li(a®)) = g1y + g2,

Convergence of g; ,. On the one hand, for a,,,,, € W, the loss L ,,(@ops,v) satisfies the
following identity

2

Ll,n(aopl,v) = Z ﬂ]:1 (XZ - XZ,QA;,]aX:,aXr)B

1T T .
{ Z g (Xk’aopt,vﬁa"””" +st‘1§pr,vﬁazw,v (15)

keS,v

T -1 T
Xkyaopt,v r,Qopt,v "V, Qopt,v Xr,a/opt,vﬂaopt,v

T
,dopt,vﬂaorc’”v

2
T -1 T
-X A X Xr ac c
k’(lopr,v rsQopt,v "V, Qopt,v r’aopt,vﬁaopt,v

2

_ -1 T I -1 T N N

- { Z ﬂ-k (Xk,a/f,p,’v Xk,(ngt’vAr,a/opt,vXr’a()pt,er’(t(()pt,v)ﬂa(()pt,v} :
(16)
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On the other hand, since ar € C, we have L; , (ar) = 0. Thus, L, (@opr.v) < Ln (aF) is
equivalent to

L, (a’opt,v) <L,(ar) & Lin (a’opt,v) +Lon (a’opt,v) <Lin (ar) + Lon (ar)

4 -Ll,n (a'opt,v) < -£2,n (a'F) - -LZ,n (aopt,v) . (17)
Combining (15) and (17) leads to

Lin (aopz,v) <Ly, (ar) - Lo (a’opt,v)
T

X . XT
k’a;pt,v k’a'opt,v -1 T
N ﬂk Nvﬂ'k sQopt,v sLopt,v *“opt,v
k€Smoy Y k€Sm,v
T T
T Xk’agpt,v X;Cl:aopt,v -1 T
Xﬁagl’”"ﬂagpt,v Z Nvﬂk a Z Nvﬂ'k Ar,(lopt,vxr,aopt’vXr,(lgp,,v
kE€S,v keSm,v
T
X
< o2 k,ar A-! Xk, aF
7 N,y rar N,y
kESm’v v kesm,v v
T
X
_ 0_2 Z ksa/opt,v A_l Z Xk’aopt,v
N Tk r,Qopt,v N Tk
k€Spm.y v k€Sm.v v

Using equality (42), by setting @1 := Qopr,v, @2 1= QF, Qg py ,, 1= Qg ,,, WE ObLAIN

X! X,
2 k,ar -1 Xk,a’p 2 k,Qopt,v -1 Xk,aopt,v
7 N, Arar N7 I N7 Ar"’”’”’v N,
k€Smv Y k keSp. Y k kESm.v vk keSm.v vk
T

X . X
_ 2 k’a((;pt,v _ ks(lopt,v A_l XT X .
- r,Qoptv T Qoptv T Xopr,y
Nvﬂ'k Nvﬂ'k pt, pt, pt,
sV m,v

T

X . X T
k,a k,a
— ’ pt,v sXopt,v —
XSVI : : - : J rlan tvx;r‘lonvxr’a/g t,v ’
Nymy N, my FGopty T Sopt, Pt
m,v m,v

T -1 T
Sy =X, ¢ - X A Xr, ¢
v r’a;pt,v v T @opt,v 1, Qopr,v T Xopr,v 7@ pt,v

is a positive and definite matrix. Let

X;{I’ c XT
T _ ’anpt,v kaa/opt,v A_] T
ZV - N N rsa/opt,v Xr,aupt,vxr’a:;pt,v *
vITk vITk
keSm,v kesm,,v

Then L, (@oprv) < Lon (@F) — Lan (€ope,v) reduces to

2 -1
Lin (aopt,v) <Ly, (ar) - Lo (a’opt,v) < z\-;rﬁagm’vﬂ;rygpt vzv <o ZISV Zy.

Consider the following decomposition of ¢ ,,,

lim = lim P,, (z, T
v—>ooq1’v vosoo P4 Vﬁ(l‘c’l""’ﬁ

c
a’vpt,v

Z, < azzjsglzv,zv * 0)
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T T T _
+ lim qu( ﬁaﬁpt,vﬂ e v < o’ z, S Z,,7, = 0)

V—00 a/opt

If z, = 0, then the event {Zvﬂaop, V,B;. z, < 0’z S, 12,} reduces to {0 <0} =

opt,v

Therefore,
Ppq (ZIBQSPMB(TIEP z, <o’z 8, 'z,,2, = 0) 0, forall v €N.

Recall that for two quadratic forms z" Az and z" Bz, if for z # 0, z"Az < z' Bz, then
Amax(A — B) < 0. Recall also that from Courant-Fisher’s Theorem, for real-valued symmetric
matrices A and B, we have A,,ux (A) + Anin (B) < Apax (A + B) < Anax (A) + Aax (B).
Therefore, combining the two statements above, we obtain

lim P, ( vﬁaupt VB ¢

V—00 Opt,

= lim qu( max(ﬁa

V—00

vlglgo qu (ﬁmaxwag[’hvﬂ;gpt v) + O-z(ﬂmin(_s;l)) < 0)
= hm (/lmaX(ﬁagpt,vﬂlg

) = 2 (Amax(551) <0)

z, <oz’ S 'z,,2, # 0)

Bl -0 < o)

opt. vl gy

IA

Vv—00 pt.v
- \)II—IEO qu ( max(ﬂa/vm vﬂlgpt v) h o—z(ﬂmin(s‘}))_l < O)

Jim P (18

opt,v

I3 = N3 (in (N7 18,) 7! < 0)

2
. =1 - -
VI%P’”(“’"(N” ) N ||2)'

opt,v

Using Lemma 4, there exists a constant Ky > 0 such that

. o’
B R AT P
. -1 o? -1
:vh_r}gOqu Amin(N,°S,) < m,ﬂmin(]vv Sy) > Ko
-1 0—2 -1
+v11_I)Toloqu Amin(N,"Sy) < m,ﬂmmu\’v Syv) < Ko

Vv—00

2
< lim qu (K() < m) + vlglgoppq (Amln(N;lsv) < K()) =0.

opt,v

Therefore, it follows that lim, _,. ¢1,, = 0 almost surely.
Convergence of g, ,. It remains to show that, almost surely,
lim g,y = lim Py (La(ar) < La(a™)) =0
However, since a* C af € C, the event L, (ap) < Ly, (a*) implies Ly, (ar) < Lo, (a*),

which by Proposition 2 is a negligible event. It follows that g, = 0 for all v € N.
Therefore, we conclude that lim, . p2,, = 0 which then implies

lim Py, (@opr,y # @*) =0

V—00
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almost surely. Finally, applying the Lebesgue convergence theorem gives
lim P Q =a*)=1
S fmpg (@opr.v )

almost surely.

Proof of Proposition 3.
Proof of statement (i).

For @ € A, consider the decomposition of f14, — pty

ﬁa,v — My = ﬁa,v - ﬁn,v +/77r,v —Hy .
—_— — —
(a) (b)

As . = m for all k € U,, we have

- Ao\ Xk, aYk
-1 -1 r,a ,
B = ArXialr =4 ), y(N) 2 N

keS, v keSy
By expanding the term (a), we obtain
_ R XZ’(, (Ba,v _ﬁ) + €k
a,v —HMnryv = Z
8 ! keSpm.v Ny
_ Z X;cr,a (Ar,cr)_1 Z Xk,a/yk_ Z X;lc—,a a/+ Z E_k
o Nyn \ Nym o Nym késo Nym koSt Nym
_ Z X;cr,a (Ar,a)_1 Z Xk,ax;;ﬁ"'xk,afk
o N,mt \ N, koSt N,
X;lc—,a @ €k
-2 DI e
keSm.v Ny keSy Nym

The law of large numbers gives

Z k _F 0, Z Xk,aPa P Ex [(1 - p(x))xLBa] »

ks, M v risy, N voe
-1
Ar,a P T\ -1
()" 2 e oot
T
Xk,akaﬁ + Xk, o€k P
5 B [pmaxTB].
rese N, y—00

Using the continuous mapping theorem, we obtain

o =ty —— B [(1= p) X1 ] (B [p0xaxS]) ™ By [p(0x0x"B]
- By [(1- p(x) X "B

31
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—~ . . i~ P .
Recall that i, — u, is consistent if i1y, — u, —— 0. Equivalently,
V—00

Ex [(1- p(®) x}] (Bx [p(0xax]]) ™ Ex [p(0x0x"B] — Ex [(1 - p(x))x"B] = 0.

To obtain (C>), one can use the decomposition x' 8 = x;, 8, + X_. 8¢, on the above equality,
from which the result follows after some algebra.

Proof of statement (ii), (a).

By Theorem 3, for, @ € C, we have
—~ —~ ~ -1/2
Hay — My = Lo,y — Ha,y T 0P (nv / ) .

Consequently, AV (VN, (Zq,» — tv)) = AV (VN (Za,» — pv)) - To obtain the asymptotic
variance, we define

A (VN (s = 1)) = lim (qu [Vp (VA (T - ,Uv))]
+ By [Von (Bp [V, (- )1
V(B VI G = 1) )

Recalling that V, (B, [VNy (Ha,v — iv)]) = 0, only the first two terms remain and we write
AV ( VNv(ﬁ(t,v - ,uv)) = vh_)ngo (qu [VP( VNV([[(X,V - ﬂv))]
+ By [V (Bp [Ny (= 1)1 | )
= AV1 + AV2,

Asymptotic behavior of AV|. Main idea. If there exists c; . such that
Vp(‘/N_v (Hay — 1)) % Cl,a
and if V, (vN, (Ha.v — py)) is uniformly integrable, then, almost surely, we would have
1im g {[V (VN (s = 1)) = €1,]| = 0.

Furthermore, Jensen inequality would imply lim, e [Epg [V p (VNy (Ha,w — Hv)) = C1,0]] =0
almost surely. We shall follow the above architecture.

Uniform integrability. The uniform integrability of V, (YN, (ia,y — t,)) follows by Lemma
23 in which we prove that B, [(V, (VN (ia,» — iy)))?] is bounded.
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— P
Limit determination. We now proceed to find ¢y o such that V, (VN, (la,y — ftv)) — Cla-
V—00

To that aim, write

VP (\/Ivv(ﬁa,v _,uv)) = NL Z Z nkT’amT,aA

V keU, leU,
T T
D IPIE L
V keU, leU, T T
.
N 2 Z Xp o Bari(1+ ncg’vxz,(,)elA
Ny keU, leU, T 4

. 1 Z Z rk(l +7Tc;|;,vxk,a)€k rl(l +71'C2;’VX1,(,)61A

V keU, I€U, n d
=A,+B,+C,.

Next, we investigate the asymptotic behavior A,,, B,,, and C,, separately.

Behavior of A,,. Since a € C, we have XZ Beo = XZ (,*ﬂoz* and thus A, does not depend on
a. As a result, there exists a constant C1(a*) such that A, — C;(a*) = op(1).

Behavior of B,. Write

1+ ﬂc;’vxk,a) €k

21—7T Z XZ’(Zﬁark(

B, = N
keU, v
-
2 1-m Xk’aﬁa r (1 + ﬂc;’vxl,a) €
+ N_ A
v keU, leU, T T
l+k
= Bl,v + Bz’v.
By substituting nc, .y, By, gives
T
1-m Xk’aﬁa/rk€k
By = Z N
keU, v
T T o\~
1—-7m Xk,a/ al'k T rkxk,axk’a, (1 - rk) Xk, a
+ Z N,  kaCk Z N Z N :
d keU, v keU, v keU, v

By the law of large numbers, we obtain

1 P
~ Z XZ Qﬁarkfk — Equ [X;Ba/p(x)f] =0,
N &g ™ v

1 P
N Z xz,aﬂarkxz’aek — Expq [xzﬂap(x)xae] =0,

V keU,
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and

-1
1 _
= rkxk,ax;,(,) 7 O (=% — (Bx [pO0xaxg]) " Bx [(1 = p(0) X, ]

vV keU, V keU,

P
As aresult, By ,, — 0. For B, ,, recall that K := lim,_,., N, A, we have

V—00
B 2 X;c—,aﬂa ry (1 + ﬂc;,vxl,a) €]
2,v —
V keU, leU, T T
I#k
2 VoA Xp Bar (L+me], Xi.0) €
T2t Z Z "y N
keU, leU, v
1#k
-2 (K + 0(1))( Z Z Sl 114 K ¥0)
)
d keU, leU, Ny Ny
1 Z Xz’aﬂark (1 +me], Xk, o) ek)
Ny keU, Ny
2 X, ri (1 +7me] Xi o€
=—2(K+0(1))( Z k}\(; O’)(Z ( Ac;’,v k,l) k +0[P(N;1)
d keU, v keU, v
2 _
= = (K+0(1) ((Bx[x] oBal +02(1) (0+02(1)) + 02(N; ) ) = 02 (D).
since
Z rk (] + ﬂc;,‘)xk’(l) fk _ Z ]"ke‘k
keU, Ny keU, Ny
rRERX] , KXk aX), B (1 —rp)xg
3 (3 )y (e
keU, Ny keU, Ny keU, Ny
P -1
—2 0405 (Bx [p(¥)xaxe]) " Ex[(1 - p(x)xa] = 0. (18)
Finally, we have B, —L 0.
V—00
Behavior of C,,. Write
2
o -7 Z ry (1 +mel, Xia) €
=
T keU, Ny
N L Z rk (1 + ncl,vxk,(,) Ex 1] (1 + ncl,vxl,(,) GIA
Ny keU, leU, d T
1#k

= C1’v + CZ,V.
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Expanding C; , gives

2 T 2 2
- re (1+mel, Xk a)” €
Ciy

keU, Ny
2
l-x D reer Lolom D reETCy Xk a Llom D re€ (meg, Xk a)
T keU, Ny T keU, Ny T keU, Ny
1-x Z rieq +21 - Z rlzcelzm‘k aCav
T K, Ny T i, Ny
2.2 T
1-n I €Xk,aXy,
+ (medy) Z — < (meay)
T keU, v
2.2 -1
l-n Z i€ Lolom Z T a Z TkXk,a Xk, a Z (1 = re)Xg,a
oor N, Pis N, N, N,
keU, keU,, ker keU,,
1-n (1- ”k)XZ Tk Xk, an r2e
LB (3 e
d keU, v keU, keu, VY
Tk Xk, a’Xk a (1 - rk)xk a
keU,, keU,
Hence, using the continuous mapping theorem, Cj , converges to
1 51 -
27 [p(x)] - 207 —E [P(0x]] (Ex [P(X)xax]]) ™ By [(1 - p(x))Xa]
—_— 71' —_
+ —Ey [(1 - p(x)x}] (Bx [p(0xax]]) "

Ey [p(0)xaX0] (Bx [p(0)Xax]]) " By [(1 = p(X))X4]

= B (] - 207 B (1= p(xE] (Bx [pxax]]) " Ex[p (0%

¥ “21_77(15& [(1 = p(0)xL] (Bx [p(0xaxz]) ™ Bx [(1 = p(x))%a]

x 1- 1- 1 -
2 o2 LB p(] - 20— Ex[1 - p()] + o M(a)

=2 R 2 - p(] + a1—M<a>

The equality (*) is due to Lemma 12. For C, ,,, using (18), write

T T
c 1 ric(1+7me, Xk, o) € 11 (1+ 7€), ,X1.0) €
2,v —
Ny keU, leU,

l#k

_NA Z Z ric (1+mel, Xk o) € i (1+ 7€), ,X1.0) €
- N, N,

T s

2
T feu, i,
1K
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3 K+ 0(1)( Z Z Tk (1 + ﬂc;,vxk,a) €x 1] (1 + nc;,vxl,a) €

2
d keU, leU, Ny Ny

1 ri (1+ ﬁc;’vxk,a) Ei
N, Z N,

V keU,

_ K + 0(1) (Z I’k(l +7TCa’VXk,a)Ek)2 + op (n_l)

P
T KeU, Ny

K+—0(1) ((0 +op(1))? + 0p ( 1)) =op(1).

P .
As aresult, C;,,, —— 0. Finally, we conclude
V—00

€~ P TE 2= p()] + 07T M (),
Overall,
1,0 =Ci(a*) + azl_T”Ex [2-p(x)] + UZI_T”M(a).
Asymptotic behavior of AV,. We proceed similarly as before.

Uniform integrability. In Lemma 23, we prove that E,, [(V(E, [VNy (Ha,v —u)]))?] is
almost surely bounded, from which we deduce uniform integrability.

Limit determination. Write
M (Ep [ VN, (,Ja,v - llv)])

_ 2 Z 1 = ri + ri(mel,  Xi,a)?

keU, Ny
= o2 Z £+ o2E, [(1- p(x)x;. ol Ex[p (X)X“X;])_l
keU,
) N— (B [Pt ]) ™ e [(1 = P
keU, v
— 5 By [1 - p)] + 0B [(1 = p0)NT] (Bx [p(0xxT]) ™ By [(1 = p(x))xs ]

= 0’By [1 - p(X)] + 02 M ().
As a result,
2.0 = 0 Bx[1 = p(x)] + 0°M(a).

Putting all things together. By absorbing the terms that do not depend on «, called C(a*),
we conclude

\ (\/N_v(/?a,v - uv)) = lim (qu [Vp (\/N_V(ﬁa,v - uv))]
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+ By [V (B | VN (- m])])

_ Ci(a*) + UZ“T”Ex[z ()]

+ 0Byl - p(x)] + M ()
0_2
=C(a*)+ —M(a).
T

Proof of Corollary 1.

Statement (i) is obvious as ||B4<|2 = 0 which implies that B, = 0,c. For statement (ii), we
need to show that under our assumption,

Ex [(1 - P(X))X—;Cﬁ(x"] = Ex [X—(rx(l - p(x))] (EX [p(x)xax—(rx])_l Ex [Xaxlcﬁacp(x)]

where we have suppressed the index for simplicity of notation. This is equivalent to showing
that

Ex [(1 = p(0)xae ] = Ex [x5 (1 = p()] (Bx [p(0%ax}]) ™ Ex [p(0)Xa%ac ], (19)
J € amis. Since, for j € a\amis, Bac,j = 0, we can express the left side of (19) as
L; =Ex [(1 = p(0)xae, ;| =Bx [(1 - p(x)x57;]

using both the conditional independence (a) and the linear link (b). Similarly, using the same
technique, we may write

Ex [p(x)x(,x(,c,j] = By [p(x)x(,x;] Y
Therefore, the right side of (19) is equal to
Rj = Ex [XZ(I - p(X))] (Ex [P(X)XQXZ])_I EX [p(x)xaxac,j]
=Ex [(1-p()xg]y; =L

J € @nis. The result follows.

Proof of Corollary 2.

Proof of (i).
From Proposition 3, the equality holds when, for j € @, — a1, we need to show

-1
S [(1 - p(x))x;l] (EX [p(X)X(,] X;rn ] ) Ex [P(X)meaz—m,j] = Ex[(1 - P(X))xaz—al,j] .
(20)
Recall that if Y and Z are conditionally independent given X, then E[YZ|X] = E[Y|X]E[Z|X].
Next, we need to prove that the left-hand side and the right-hand side of (20) are equal. The
left-hand side of (20) gives

J - E [(1 - (X))Xm] (EX [p(X)XCYlX:;/]])_l Ex[p(x)x(hxafz—(l],j]
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Ex [(1 - p()x], ] (Bx [p(0%a,x7, ]) 7 Ex[Ex[p(0)%aXar-a1.jXar 1]
Ex [(1 = p(x)x], ] (Bx [P (0%, x5, ]) ™ Ex[Xay Bx [P (X)X, |Ex[Xar-a . 1%an 1]
Ex [(1- p(0)x], | (Bx [P(0Xa x5, )7 Ex [Ex[p(®) X0, 1Xay XL, 5]
= Bx [Ex[1 = p(®)[xa, 1%, | ¥
= Ex [Bx[1 - p(®)[xa, x5, 7)]
Similarly, the right-hand side of (20) gives
R} = Ex[(1 = p(X))Xay-ay.] = Bx[Ex[(1 = p(X))Xas-ay.;IXal]
= By [Ex[1 = p(%)[Xay | Bx [Xay- . Xar 1]
= Bx [Bx[1 - p(X)[x0, X0, 7] -

As aresult, both sides are equal under our assumptions.

1x
1x

Proof of (ii).
Let ¢ be a direction satisfying (a) and (b); we need to show that

-1

Ex [(1 - p(x))xaz—al] # Ex [(1 - p(x))xaz—alle] (EX [p(X)Xa] X—l(;l]) Ex [p(X)Xal] .
We take the Euclidean inner product of the above with ¢. The left side gives
L = cTE’X [(1 - p(x))xafz—(ll] = EX [(1 - p(X))chaz—al] ¢ 0
by (b). On the right hand side,
-1
Rj = CTEX [(1 - p(X))Xaz_m X;;]] (Ex [p (X)Xal X; ]) Ex [P (X)Xm]

= Ex [(1 - p(X))CTX(,Z_le]] (Ex [p(X)XQIXj;I])_l Ex [p(X)Xm]
=0

since, by (a),

Ex [(1 - p(x))cTXaz_alx;] =0.

Proof of Lemma 1.

Assuming that
lim Py, (ay, = a*) =1 21)

V—00
almost surely, we wish to prove that
lim Bupy (@s,., # @*) = lim Brpg (Cs, , (@s,.,) < Cs,,, (*)) =0

almost surely. With a slight abuse of notation, we write P.|. to denote a generic conditional
distribution, whose precise specification may vary but will be clear from the context. Using
the missing at random assumption and non-informativeness of the sampling design, we get

P (Cs,, (@s,,) <Cs,, (%)) = /R _1(Cs,, (@s,,) < Cs,, (@) [] Py (dye)
mv keS, .,
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V—00
—— 0

>

where the limit follows by (21) and Lemma 13. Since

Pmpq (CSr,v (asr,v) < CSr,v (a*)) = qu [Pm (CSr,v (asr,v) < CSr,v (a*))] >

an application of Lebesgue dominated convergence gives the result.

Proof of Theorem 2.

Write

Vi (Ha,w = tv) = Vi (Haxw = o) + Vi (Ha,y = Haxv) -
We will show that the second term vanishes in probability. Observe that
Visliiz,y = o vl > €} = ({Vivlig,y = ar v > €} N {@ = ™))
V. = Fax o] > €} 0 {@ % a*D).
Moreover, on the event {a = «}, we have ji5, = [{o+,, so that
{(Vnyllg,y = Hor vl > €} N{@ = a*} = 0.
Thus,

Pmpq (‘/n_vlﬁfi,v - ﬁa*,vl > 6) = Pmpq (\/alﬁ[i,v - ﬁ(t*,vl > 6| & # a’*) Pmpq (& * a’*)
< Prupq (@ # *)

converges to 0 by assumption.
Proof of Theorem 3.
We adapt the proof of Kim and Rao (2009) to the unweighted case. Let

T
Tk Xk, o (yk ~ Xi oz)

UBa)= ), : (22)

keS, Ny

Note thatﬁa,v given by (4) is the solution of U (Ba) =0,. Let

.
-~ 1 Yk Xk,aPa

= —_— —_— + R
v (Ba) N § o~ E ~

V \keS,., k€Sm.y

which is the function of B,. We further define

I (V. Ba) = v (Ba) +¥7U (Ba)

which is seen as a function of 8, and . Our goal is to find a particular choice of y, called y* such
that 1z, (7*,Ba.v) - (Y*,Bay) = 0[[:1(11;1/2). If so, the effect of estimating B8, can be ignored
by choosing y = y*. By noting u,, (y, E av) = Ha.y for every p,-dimensional vector y, we
have o,y — 0 (¥Y*, Bav) = OP(I’Z;]/Z). To find y*, we use the theory of Randles (1982), having
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proved VN, (B, , — Ba) = Op(1) in Lemma 3, then 7, (¥*, B4 ) — fiv(¥*, Ba) = 0p(n,'/?)
holds if

~V ’ a AV a aA a
Epp M =Emp c?,u—(ﬂ) —'yTEmp UBa) =0.
aﬂa Ba=Ba aﬁa Ba=Ba 8Ba Ba=Ba
The solution of y* is given by
~ -1
OU(Ba)T Oty (Ba)
N
@ Ba=Pa @ Ba=Pa

-1

-

~ Z FTXk o Xy, Z (1 —re)Xka c
N, N, a,v-

keU, keU,

Next we will show that i, (y*, Ba) = Ha.v- Write i1, (¥, Ba) as

I (¥, Ba) = Bv(Ba) + Y U(Ba)

TP

keSry K kéSpy kESy.,

2.

keS, v

g

V keS,

T
Tk (yk - Xk,a a/) Xk,

2|~

Tk

T T
Yk + 7y (yk—Xk’a oz) Xk, a X, Ba
* )
Tk Tk

keSv

z|-

T T T
FRYk + TETKY X o (yk ~ X a a) + (1 -rx; Ba

Tk

T T T T
1 Tk (yk — Xt o a) + rekY Xk,a (Yk — X o a/) T X oPa

Tk

T T T
1 Tk (1 + Ty xk’a) (yk — X o a) +X; Ba

Tk

Recall that

T T T
1 ri (1+ meel, Xk o) (yk X, a) +X; Ba
Ny keS,

Ha,y =
Tk

Taking ')’* =Ca,y leads to ﬁv(ca,v,ﬂa) = ﬁa,v’ we ﬁnally conclude ﬁa,v - ﬁa,v = OP(n;l/z)-

Proof of Theorem 4.

Write

VZ,V(Q) - VZ,v(a) = (a) + (b)

V],v(a’) - Vl,v(a)’ +ny

ny VT,v(a') - VT,v(a')’ < ny
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Consistency of (a). We further decompose nv|‘71 (@) = Vi(a)] as

ny V],v(a/) - Vl,v(a')| <n, Vl,v(a) - ‘_/l,v(a)
+ny |Vl,v(a') - Vl,v(a)|

=A,+B,+C,,

i/\l,v(a/) - Vl,v(a)’ +ny

where

= 1 Nk,a M, Ak
Vip(a) = — Z —=

v fes, iles, Tk Tl Tkl
5 - 1 Nk,a NI,
Viwl@) = Vp (o =) = 5 D, D~ A, (23)
V keU, leU k !
Consistency of A,,. Let
AxiIi 1
Ckl = klkl, k,lEUV.
TRT Tk

Using the equality, for arbitrary &,/ € U,,

ﬁk,afﬁl,a —Nk,alll,a = (ﬁk,a - nk,a) (ﬁl,(t - 77[,(1) + Nk, a (ﬁl,(t - nl,a/) + 1N« (ﬁk,af - 77k,a/) s

A, can be decomposed as

Z Z |Ckl 77k llnl a ~ Nk,al, (z/)|

V keU, leU,,
Z Z |Ckl 77k a ~ Tk, (x) (77l a — 1, (z)|
V keUV leU,
Z Z |Ckl 77k a ~Nk,a 771 a| + 2 Z Z |Ck17]k,a (ﬁl,a —nl,a)|
V keU, leU,, NV keU, leU,

= Al,v + Az’v + A3,V.
Next, we will treat A, and A, ,,, and A3 ,separately. For A, since Lemma 8 shows

(ﬁk,a - nk,a)z
Z N— = OP(I),

keU, v

we have

—~ 2
Al,vS ny, Z (nk,a;]nk,a)

2
Nya keU, v
|7k, = Mk, ) (M0 = M1,0)]
+ A 2 2 : :
N, /121* KA, 5, 1wl kEZU I; N,
Kl

< nv2 Z (ﬁk,a_nk,rl)z
NyA Ket, N,
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|Gk, = Mk, ) (M0 = M1,00) ]
A k] £ bl bl
N/lz/l* (max 1Aul Z Z N,
keU, leU,,

ny n,, (ﬁk a Nk 0)2
< + A e _Thal _ op(1).
(Nv/lz 2 | "") kEZU: N, p()

1/2 1/2
By symmetry, for Ay, using Yicp, Yiev, akbi < Ny (Ziev, 1) / (Zieu, b1) /2, we have

ny |(;7\k a Nk a/)nk al n,
A S s s s + A )
e kEZU N NI s, 18wl kEZU I; | (ko = Tk.a)71a
v v kil\)
ny |(77k a — Nk, )Nk, al ny —~
= : : - + |Akl| |(77k a Nk a)nl (l|
2 2 . L)L,
Nva k;Uv Ny Ny 2 k# U k;UV I;J:v
(v < 1Aul ana Z (k@ = Nk, a)? os (1),
S\ T e e, oM & N\ & N,

As aresult, we have A, = op(1). Furthermore, we have nv|\71,v(oz) - Viv(@)] = op(1).

Consistency of B,. Write

E, [(nvm,v(a) - Vl,vw)))z]

2 2
<2n‘2, Z Z l—ﬂ'kl—ﬂ'lnk’an[’aA
kl
4
Ny (o, ico, Tk T Tk T

mij) (el — mig)

213 Ni,aNj,alk,olll, @ (I1; — 7;

N4 Z Z Z Z e —— Ep g AijAgg
v ieU, jeU, keU, leU, i ij 7kl

J# 1+k

= Bl,v + BQ’V.

We will use the same argument of Theorem 3 in Breidt and Opsomer (2000). For B ,,, we have

N, A3 N, A4

v

4
2 2n, maxgzicu, |Awl Mk,a
Bl v < +
keU.

Recall from Lemma 20 gives

lim sup Z < o0

v/ keu, UV
almost surely. It follows that Bj , converges to 0 almost surely. For B; ,, we have
2
2 (ny maxgziey, |Awl)
/14/1*2
[(Iilj - ij) (Iidy = 7ar)

Tkl

Bz,v <L,+

X max

Ep
(i,j,k,l)€Dy N,
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Here, L, converges to 0 almost surely. It follows that B, ,, converges to 0 almost surely. As a
result, for any € > 0, an application of Chebyshev’s inequality gives

lim Pp (nv(vl,v(a') - Vl,v(a))’ > 6) =0,

almost surely. It follows that

Vh_)nolo Pmpq ( nv(vl,v(a) - Vl,v(a'))‘ > 6) = 0’
almost surely. This concludes B, = op(1).

Consistency of C,. C, can be decomposed as

Cv =ny |V1,v(a') - Vl,v(a')| <

anI,v(a) - CT’Q + ’CT’Q - nvvl,v(a) P

where ¢} = f*c1 o with f* =1im, .. 7, /N,. On the one hand, we have

V(@) = ct | = 0x (1),

by assumption. The remaining part is to show

lim |cf’a - nVVI,v(a/)| = vh_r)rgo ’qu [, V1 (a) - c’f’a] =0

V—00

almost surely. We aim to apply Vitali convergence theorem, that is to show that |n, Vi , (@) —
c;"al = op(1) and that n,V; () is uniformly integrable. From this, it will follow that
limy 00 Epmg [12v V1,0 (@) — CT,al] = 0 almost surely. To show the uniform integrability of
n, Vi v (@), it suffices to prove that E, [ (1, Vi, ())?] is almost surely bounded, which follows
from Lemma 23.

Consistency of (b). The term n,|V5, (@) — V5., ()| can be decomposed as
ny |‘72,v(a') - VZ,v(“)' < ny |V2,v(a) - VZ,V(Q)’ +n, ’VZ,V(O’,) - VZ,V(Q')| =D, +E,,
where

2

T

1- ry +rg (ﬂkca’vxk,a)
Ny

V2,v(a') =Vn (Ep [ﬂa,v - /Jv]) = 0'2 Z
keU,,

(24)

Consistency of D,,. Combining the results |6'C2w — 0% = op(1) in Lemma 5 and

= op(1),

~T 2 T 2
Z 1- rp +rg (nkca’vxkﬁ) Z 1—ri+rg (ﬂkca’vxk,a)
KNy N,

kesS, keU,,

from (40), we have

Z 1- rp +rx (ﬂkc;’vxk,af

[1Xk, 113
2 a2
N <1+ lleanll3 D) = 0:(1).

keU, Ny

keU,,
It follows that

ny

Ps _ n
VZ,V(a) - V2,v(“)| < N_V

v

—~ 1 _rk +rk(7rkc(y ka,(l’)
52 _ .2 Z :
a,v
keS, 7Ny
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Z 1 —r+ rk(nkc;vxk,a)z)‘

keU, Ny
~T 2
ny o 1- Ik + 1k (”kc(z,vxk,a)
N7 2 N
V| Kes, TietNy

B Z 1- ry +rg (nkc;vxk,a)z

keU, Ny
1 T 2
n, — Iy +rg nkca’vxk,a) —~2 5
U N Toyw =0 |:0p(1).
v lkeU, v

Consistency of E,. The term E,, can be decomposed as

E, =n, |V2,v(a) - V2,v(“)| <

mVau(@) = €3 0| +]eh 0~ mVa (@),

where ¢} = f*c2,o With f* =1lim, . 1, /N,. On the one hand, we have

mVau(@) - 3, = 0x (1),
by assumption. The remaining part is to show
V—00

lim ’c;’a — nVVQ,V(a/)| = vh_r)rgo ’]Eq [, Vo, (@) — c;’a] =0

almost surely. We proceed again by Vitali’s convergence theorem. The uniform integrability of
n,Va., (@) follows from Lemma 23.

Proof of Theorem 5.
Write
Vr (@) ny (VT,v(a) - VT,V(CV*)) ny (VT,V(CV*) - VT,V(Q'*))
vt + =1+ A, +B,.
Vrv(a*) n,Vr v (a*) n,Vr v (a*)
(25)

It is therefore enough to show that A, = op(1) and B,, = op(1). Notice that, by assumption,
satisfies n,, lim, o V7, (@*) > 0 so that it is enough to show that the numerators of A, and
B, converge to 0 in probability. For A,,, let € > 0 and write

VT,v(a) - VT,v(a'*) VT,v(a) - VT,V(Q*)

Prpq (nv > E) = Pupq (nv >€e, = a*)

VT,v(a) - VT,V(Q’*)

+Pupg (nv > €, &ia*)

<Pupg (@ #a*) — 0

- y—00

almost surely since the model selection criterion is consistent.

For B,, given that o* € C, it follows directly that B, = op(1) by Theorem 4.
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Proof of Theorem 6.

To prove the asymptotic normality of fi4* , — 1, we verify the conditions of Theorem 2 of
Chen and Rao (2007). We decompose

1 1
ﬁa*,v —Hv = Villk,a* + — (nk,a - yk)a (26)
Ny kez:Uv Ny kezulv

=U,, =V,

with vy := Iy /m — 1 for k € U,. Define B, := o (X, x, Yi) rev,) - We need to verify the
three conditions of Theorem 2 of Chen and Rao (2007), which we label as (i), (ii), and (iii),
respectively.

Verification of (i). We wish to show that V,, is asymptotically normal and $,,-measurable.
Measurability follows immediately by noting, for an arbitrary k € U,,

T .
Mk,o = Yk = €k (i + TkTkC g Xk ar — 1) 1= €Wk

with ¢4~ ,, depending only on the covariates and response indicators. Moreover, note that
Em[nk.a — Y] = 0. We will start by establishing a conditional central limit theorem via the
conditional Lyapunov condition. More precisely, we need to show that there exists ¢ > 0 such
that

1 -\l e
Ly:= 1+6/2 Z Em [(N—V) ‘ o O

Nk — Yk keU,
e (2

Given our assumptions, it is convenient to show it for 6 = 2. We start by noting that

ZV (Uk—yk) UZZ((l ) + re(mee’ 2) > N !
" 5 = Tk) + Tk (k€ o Xk, a* ) 2 =P 3
keU, Ny N; keU, o Ny Ny

Moreover, note that wi =1ifrp, = 0and wi = (nkc;* ka,(,*)A' otherwise. Thus, using
(a + b)* < 8(a* + b*), Cauchy-Schwartz inequality and (S3), we get

4
Mk — Yk
")
by using (40) and (S2). This shows that L,, = Op (N, ) and thus the Lyapunov condition holds.
Therefore, (i) with

8M 1
< B3 (1o e ) = 0 ().

vV keU,

>

keU,

O-lv'

Z Nk, a* —yk)

keU,,

holds. Conditional Gaussianity follows. Moreover, since the asymptotic distribution does not
depend on the conditioning, a dominated convergence argument can be used to extend it to an
unconditional central limit theorem.
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Verification of (ii). We have

BB = Y E e8] near =0,
Ny keU,
VWIS = o5 3N Ay et et 2
NV keU, leU,, Tk T

since, for all k € U,, ny is B,,-measurable. By assumption, o'z‘vl U, |8, LN N (0, 1), which
V—00

can be equivalently stated as

sup ( o5 t|8) @ (1) %o,

teR

where @ denotes cumulative distribution function of a standard normal random variable.
Assumption (ii) is verified.

Verification of (iii). We have

2
Nk,a* — Yk (on 2 T
N,V,, E _ _N E (I =rp)+ o? a/* v_ § TR Xk, a*Xp oxCa*,v
keU, Ny V keU, V keU,
P 2

> o {E 1 _p(xa*)] + ca* C2ca*}

V—00

where

Ea* = Cl_lEx [(1 - p(x))xll*] .
Thus, we have
of, 2 0 {E[ - p(xa)] + o Colar}

0—22\/ V—00 C3

Therefore, (iii) follows.
Putting pieces together. Since the three conditions of Chen and Rao (2007) are satisfied, it
follows that o+, — u,, is asymptotically normal. Moreover, by Theorem 3, the asymptotic

distribution of 15 ,, — , is the same as that of f/o+,,, — p,, and is thus asymptotically normal
as well. An application of Theorem 5 proves the unit variance.

B.2. Consistency of estimators

B.2.1. Consistency of single estimators

Lemma 3. Let @ € C and (B o V) o be a sequence of least-squares estimators given by (4).
Assume (S1)-(S3) and (D1)-(D3). Then

-~ 1
”ﬂa,v _ﬂ(ZHZ = O]P (\/m) :
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Proof. Let

Z P(Xk)ﬂkxk,axz,a)_l Z P (Xp) Tk Xk Yk

BG/,V = ( NV NV

kEUV ker

We decompose Ba’v —Baoas

Ba,v _Baf Zﬂa,v _Ba,v +Ba,v _ﬁ(t .
—_— — —
(a) (b)

We need to show that both terms (a) and (b) converge to 0 with rate Op(n, 1/ 2).

Convergence of (a). The triangle inequality gives

Ao - Xk, aYk
: : 27
( N ) > N 27)

keS, v

”Ba,v _Ea,vHQ = '

-1
Z P(Xi) Xk X, Z P (X1 )Tk Xk, oYk
N, N,

keU,,

Ao\ Z Xk,aVk Z P (X)) Xk, a Yk
N, N N,

keSy.y v keU,

_ -1
Ar,a ! _ Z p(Xk)ﬂ-ka’ax;cr,a Z p(xk)ﬂkxk,(xyk
Ny N, N.

keU, keU, v

Ao\ Xk, a Yk P (XK )Tk Xk, oYk
( NV ) Z - Z Nv

keS,., Ny keU,

-1
Ao\ 7! P (X)TXk, X,
( N ) —(Z T (28)

keU,,

keU,, 2

=|
:

2

+

P (XK )Tk Xk, a Yk
X Z —

keU,, 2

= Al,v + A2,v

Next, we consider A; , and A, , separately.

Treatment of A; ,,. For A, using the Schwarz matrix inequality, we obtain

Ao\
N,

We will apply Lemma 9 to obtain

Z Xk,aVk Z P(Xp) Xk, a Yk
N N,

keS, ., v keU,

Al,v <

Z Xk,aVk Z P(Xi) Xk, 0 Yk
Ny

keSy .y Ny keU, 2

op

(29)

ol
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Setting wi := ri, Tk 1= Xk, aYk» as {rk}kev, is 1.1i.d. random variables with E, [ri] =pr <1
almost surely, it remains to verify

Ep [IIxk,0y13] ‘o

lim sup N
v

VvV—00

keU,

almost surely. Recall from (S2) that the covariates have bounded support, from which we get

2
2 T
X E (X te ) }
5 Enlluonli] - Il o] _ g Pl DA
keU, Ny keU, Ny keU, Ny
2
20'2+2(XT B )
k, a
<c? ‘ <2C30? +2C][1Ball; < .
keU,, Nv

It follows that

. IXk,aykll3
lim sup Z ——— < o,
VTR keU, Ny

almost surely, from which (29) follows. On the other hand, Lemma 18 shows

Ara\™
Ny
As aresult, we obtain Ay, = O]p(l’l;l/z).

=0Op(1).

op

Treatment of A, ,,. The term A, ,, can be decomposed as

A -1 p(Xk)ﬂka,aXZ B P (X )T Xk o Vi
Ay, < (Ar]“) —(Z S @ ZN—G
v keU,, v op keU, v 2
On the one hand, using Lemma 9 with wy := rg and T := Xk’aXZ o Since
Enm [”Xk,axz II%] Xk ol
lim sup L limsup Y 22 < ¢ (30)
Vo ke, Ny V7T keU, Ny
almost surely, it follows that
A P (Xi) Tk Xp o X[ 1
2 e =Op( ) (1)
Ny keU, Ny op ‘/n_v
On the other hand, recall that Lemma 15 shows
-1
P X)Xk, Xy,
> " = Op(1).
keU, v op
An application of Lemma 14 gives
-1
(Ar’a,)_l Z p(xk)ﬂkxk,ax;l;a, 0 ( 1 )
N, L N, . Vi
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Meanwhile,

Z P(Xi) Tk Xk, o Yk
N,

Xk, e ll2]y&l |yl
< Z N—v <Gy Z N

2 keU, keu, VY

keU,,

which implies

Zw

lim sup N
v

V—00

keU,, 2

It follows that A, = Op(n, 1/ 2) and, therefore,

) 5 1
”BQ,V _ﬁa,sz =Op (\/ﬁ) .

Convergence of (b). Recall from Lemma 16, we have

2
Z P(X) Xk, aX ),
N,

keU,,

lim sup < o0

V—00

op
almost surely. An application of Chebyshev’s inequality shows that for any € > 0, we have
= 2
Pimpq (Hﬁa,v ~Ba|; > 6) (32)

< Bupg [(3 ~8.) (B ‘ﬂ")]

2
~ 1E Z €kXy_ o P (Xi) Tk (Z ﬂkP(Xk)Xk,aX;{r’(,) Z €xXk. o P (X)L
m

2 N, N, N,

keU, keU, keU,

T e N, N, N,

2
(1) 0 D X o P (X1 ( 5 ﬂkp(xk)XkﬂX;cr,a) Xk, P (Xi) Tk
keU,,

keU,,

-2
Z Tk p (Xk)xk,ax;(r’a,
Ny

keU,,

() o2 Xk, ll3
)

2
Nvet o Nv

-2
Z ﬂkp(Xk)Xk,aXZﬂ)

op
2,2
o Co

- N,€e?

N, (33)

kEUV op

Here, (*) is due to the fact that E,,[ex€;] = O for k # [ € U, and (**) from the inequality
z"Az < ||z||%||A||o p- The last line of (32) converges to 0 almost surely. Putting all things
together, we obtain
-~ 1
BBl =0 (=)

O

Lemma 4. Assume (S1)-(S2) and (D1)-(D3). If (Cy) holds, then there exists a constant K
such that

lim Ppopg (/lm,-,,(NV_ISv) > KO) -1
VvV—00



50 Z.Anetal.

almost surely.

Proof. Step 1. Prove that
INS'S, = Su, llop = Oz (ny 7).
Write

HNv_lSv - SU\, Hop

1
= N—vAr’a,(r
T — T T
Z Xk, a Xy o (Ar,a) : Z Xk, a Xy qe ( Z Xk,(lcxk,acp(xk)ﬂk
kESr,v NV NV kesr,v NV keU, NV
-1
T T T
Z Xk’axk,(le(Xk)nk (Z Xk,(lxk,(lp(xk)ﬂk) Z Xk,an,acP(Xk)”k)
keU,, Ny keU,, Ny keU,, Ny op
T
1 Xk,ac Xy e P (XK) Tk
< || gpAre = 2, N
v keU, v op
T — T
Xk, a Xy o (Ar a/) ! Xk, aXp oe
]y e )y et
keS, ., Ny Ny keS, Ny
-1
T T T
Z Xk,a"Xk,ap(Xk)ﬂ'k (Z Xk,(lxk’ap(xk)ﬂk) Z Xk,ﬂxk,acp(xk)nk
keU, Ny keU, Ny keU, Ny op
=A, +B,.

Recall that (31) shows A,, = Op(ngl/z). For B,,, we decompose

e C
kES, Ny Ny keS, Ny
(Z P(Xk)ﬂkxk,axz,a)_l Z p(Xk)ﬂka,(xXZ,ac)
keU, NV keU,, NV op
N Z Xk,acx;(r,a B Z p(Xk)ﬂ'ka’ac'X;{r’a
keS, ., Ny keU, Ny
X(Z p(xk)ﬂkxk’,,xz,a)_l Z p(Xk)ﬂ'ka,(xXZ,ac
keU, NV keU,, NV op
= Bl,v + BQ’V.

We need to prove Bj ,, and B, , converges to 0 with O]p(ngl/ 2).

Convergence of B ,. We have
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Xk, a,cX

B]yv < Z k,a
keS, v NV op
(Ar,a)‘l D Xk, aXp g
Ny k€S, ., Ny
(Z P(Xk)ﬂkxk,axz,a)_l Z P X)Xk, 0 X)_ e
keU, Ny keU, Ny 2

Using (S2), we get

T
Z XeaXpall Z ¥k, all2llXkacll2 _ 2

- < < (g
kESr,v Nv op keU, Nv

almost surely. Next, using the Schwarz matrix inequality, we decompose

-1
Ao\ Z Xk, X} qe B Z P(Xi) Xk, Xy, Z P X)Xk, X e
NV Nv Nv NV

keS, keU, keU, op

(Ar,a)_l Z Xk, ka ac Z (Xk)ﬂkxk axk ac
Nv kESr,v NV kGU NV op
-1
_ T T
+ (Ar,a) ! ( Z P(Xk)ﬂka,an,a) Z p(xk)ﬂ'ka,a'Xk’a/c
Ny keU, Ny keU, Ny op
_ T T
< (Ar,a : Z Xk,(lxk,ac Z p(xk)ﬂ-kxk,(lxk’a/c
- N N N
v op Il keS,. v keU, v op
-1
_ T T
A ! P(Xp) Xk, o X P(X) Xk, aX) e
r,a k,a k,a
* N. B Z N Z N . (34)
v keU,, v op keU, v op

Next, we evaluate every component of (34). Lemma 15 and Lemma 18 show that

T\~ -1
( 5 p(xk)nm,axk,a) ~0x(1) (=) | o
op

keU, Ny N, op

respectively. We proceed to apply Lemma 9 with wy := r¢ and T = Xg oX] .. Since

lim sup Z

v—00

Em [||xk X el |

: Xk, |13 11%k, 0 113
:hmsupz e 2 2§C3
V7R keU, Ny

almost surely, it follows that

Z Xk, aX)_qe Z P (X)X, a Xy 0 ( 1 )
5@ kac —Op .
N, N, iy

keS, v keU, op
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Recall again from (31) that

Ar,a 3 Z P(Xk)ﬂkxk,axzﬂ _ OP ( 1 ) .
N\) keU, N\) op \/’/l_v
so that, using Lemma 14 gives
-1
Aro\”! P(XK) Xk, X, 1
-1 2] = Or .
N, & N, . N

Finally, by noting

Z p(Xk)ﬂka,a/X;{r,ac

P\Xi )T ||X X
< 2 ( k) k” k,(t”ZH k,a/C“ <
Nv

<C?
N, 0

keU,, op keU,,

almost surely, we conclude that (34) is Op(ngl/ 2).

Treatment of B; ,. Using the Schwarz matrix inequality, we have

By, = Z Xk,(lcx;l;a 3 Z p(xk)ﬂkxk,acx;;a
keSy v Ny keU, Ny
X ( Z p(xk)ﬂkx"v“XZ,a)_l Z P X)Xk, Xy e
keU, Ny keU, Ny op
< Z stdcxz,a B Z p(Xk)ﬂ'kxk,ozCX;;a
keS, Ny keU, Ny op
N (Z P(Xk)ﬂka,aXZ’a)_l Z p(Xk)ﬂka,(l’X;(r’a,(r
keU, Ny op |l keU, N, op

Putting all things together, we obtain

_ 1
”Nv 1Sv - SUV”op = OIP (\/a) .

Step 2. On the one hand, Step 1 gives for any € > 0,
vli_r)l;lopmpq (”NV_ISV - SUV”op < 5) =1
almost surely. On the other hand, by Weyl’s inequality,

|/lmin(N\TISv) - /lmin(SUV)

< ”N\jlsv - SU‘,”opa

from which it follows that

tim 2 (| min (N7'80) = Ain (Su,)

V—00

Se):l.
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As aresult, by setting Ko = Cp — €, we have

Jim Ppq (|/lmi"(NV_ISV) = Amin(Su, )| < 6)

= lim Py (—e < Ain(N3'8,) = Amin(Su,) < e)

V—00

< lim Pq (am,-n(suv) —e< Amin(zv;lsv))

V—00

IA

lim qu (CO —€< /lmin(N\TISv))

V—00
= 1im Py (Ko < duin(V;'S))) = 1
V—00
almost surely. Furthermore, using the Lebesgue convergence theorem, we obtain
Tim Byupg (IN; 'Sy = Su,llop < €] = 1

almost surely.
O

Lemma 5. Letra € C and (5'(2,,‘,)\;6N be the sequence of the estimator defined in (10). Assume
(S1)-(S3) and (D1)-(D3). We have

- 1
Faw =l = Op(va)'

Proof. Let

2
- 1
Sv = E (yk _X;cr’(, (z) .
r,v keS, .

Then, |02 , — 0| can be decomposed as

Ny y

L
Nyy —Pa

|&(2,7‘, - (r2| < 5

2| 4+ Pa o2
Nyyv —Pa

-0

Since 02po /(N — Pa) = o]p(n;l/z), the remaining part is to show |§£ -0l = Op(n;l/z),

Note that |§ﬁ — 02| can be further decomposed as
12— 0| < |82 - S2|+ |57 - S2|+182 - o,
—_———— — —
(a) (b) (c)

where

and

-1
(X)mi€r
S%ZZP I;v k ZP(?](\I;)ﬂk ‘

keS, v keU, v

We need to show the terms (a), (b), and (c) converge to 0 with rate Op(n,, 1 2).
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Convergence of (a). |3‘% - 3‘2| can be expressed as

~ 2 2
N, Tk (yk - XZ,C, a,v) N, Tk (yk - Xz,a a)
N, ey N,

§ o5

r

n n
Y kes, "V kes,

—

2
T
Tk (yk - Xk,a ll,V) Z
Ny

keS,

2
Tk (yk - X;cr,(tﬁa/)
Ny

Since Lemma 13 shows
a2
we deduce (nr,v/N‘,)‘1 = Op(1). Using

—_ 2 2 —~ 2 —~
(Xz,a a,v) - (X;cr,a Ut) = (XZ’Q (ﬁa,v _ﬂa)) + 2X;<r,aﬂaxz,a (ﬂa,v _ﬂa) s

we decompose A, as

2,

—~ 2 2
T T
rk (yk_xk’a a/,v) rk (yk_xk’a (1/)

N, - Z

keS, keS, NV
Z (yk - X;lc—,a/ a,v)2 - (yk - Xz’a a)
<
keU,, NV
T —~ T 3 2 . 2
Z —2Xk,a (ﬁa,v _Ba) + (Xk,a a,v) - (Xk,a (x)
keU, Nv
—~ — 2 .
Z _2XZ,(1 (Ba,v _Ba/) + (Xz’a (ﬁa,v _Ba) ) + 2XZ,CYB“XZ,Q (ﬁa,v _B(Z)
keU, Nv
2 —~
< N_ Z |yk| X;cr,a (ﬂa,v_ﬂa)
V keU,
! T (8 2 2 T T (@
+ N_ Z (Xk,a (ﬂ(t,v _ﬂ(z)) + N_ Z Xk,aﬂ‘lxk,a (ﬁa,v _ﬂa)
V keU, Y keU,

= Al,v + Az’v + A3,V.
By the law of the large numbers, we have

2
y a.s.
N—i Do Exm [y%] = Exm

2
]
(X7 B+ 1) ]

keU,,
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< Exm [2 (x[a a) + 612] = 207 + 2C2||Ba 13-

For A1,,, using Cauchy-Schwarz inequality, we have

A1v<2

Z ﬁ Z (XZ’G(A‘” _'B"))

keU, Ny keU, Ny

2 2
- y Ik, 13
< 2Bay ~Ballzy| D) 34| 2

keU, Y \keU,

_ Vi !
<2ColBo.y — Ball2 kezl;v N, Or (\/n—v) ’
which also implies A, ,, = Op(n, 1/2)- For A3y, using Cauchy-Schwarz inequality, we have
) [ o ()
A3y <2 Z ;— Z = N
KkeU, Y keUy ’
< 2CB gy — Ball2llBall2 = O ( VZ_) :

Finally, we conclude |S -5, | = Op(nvl/2).

Treatment of term (b). Term (b) can be decomposed as

o) (5,2 5 o)
5| <
Ny keS, Ny keU, Ny
(Xk) : p(Xp)mie?
P\ Xg )7t k)K€
() (3 2 ] 3 2
keU keU, Ny

= Bl,v + Bz’v.

For By ,,, we apply Lemma 9 with Ty := e]% and wy := rg. Since

lim sup

Ep [Ek]
v Lel, v

almost surely, it follows that

rre; p(X)myer
Z ‘- Z N, ‘=

1
ofz)
keS, Ny keU, \/I’l_v

Recall from Lemma 13 that (nr,v/NV)_1 = Op(1), so that By ,, = O=(n;''?). For By, we

) (Z p(ka) | (n ) (Z p(xk>nk) |

( keU,, keU,,

Ny Z p(Xp)my
N, N, '

keU,,
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Applying Lemma 9, set Ty := 1 and wy := ry for k € U,,, we have

()

Nry p(Xp)my
N, N,

By (D2) and positivity,

-1
P(Xk)”k) < —1
— =(pd

S

so that By, = Op(n, %) and |5} ~ 83 = Op(n, ).
Treatment of term (c). By Chebyshev’s inequality

1 2
S‘% - 0'2| > e) < ;Empq [(S’% - 0'2) }

1 p(xk)?m2Ep €]
<+ > Nkv k (

Pqu (

p(xp)m
2N

Y keU, keU,
-2
Ly Mo ( p(xk)nk)
Ny keU, Ny keU, Ny
M
< 0o (35)
N, p2A2
Combining the terms (a), (b), and (c), we conclude |§€—0'2| = Op(n;l/ 2) and thus |5'(2,’V—0'2| =
Op(ny'"?). o

Lemma 6. Let @ € C and (Cq,,)ven be a sequence of estimator given by (8). Assume (S1)-(S3)
and (D1)-(D3). Then,

— 1
||ca,v - ca,v”Z = O]P’ ( ) .

Vi
Proof. Let
-1
_ Z P(Xk)ﬂka,aXZ,a) Z (1 = p(Xk))Xk, o (36)
Ca,v = '
keU, Ny keU, Ny
Write

||E(Z,V - c(x,v”Z = ||ca/,v _E(I,VHZ + ”E(t,v - ca/,v||2 .

(a) (b)
Treatment of (a). We decompose

”’c\a,v _E(l,VHZ

-1
Z KXk, a Xy Z (1 =7 )Xk, 0
N, N,

keS, kesS,
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s p(xk)mk,ﬂ;a)‘1 3 Ut
KeU, Ny keU, Ny 2
- H Z FiXk.a%y, ) (Z (1- rk)Xk @ Z (1 —P;’]ik))xk,a)
KeS, keS,, keU, v
. (Z rkkaaxk )‘ _( 5 p(xm;xk,axz,a)” 57 (P
keS, v keU, v keU, v 2
L Z rkXk, an(,) (Z (l—rk)xka ~ Z (1—P§\7;f))xk,a)
Kes, Kes, Kel, 2
.\ (Z riXk, Xy a)_1 ~ ( Z P(Xk)ﬂka,aXZ,a)_1 Z (1 = p(X))Xk.q
keS, Ny keU, Ny keU, Ny 2
=A, + A2,

For Ay, we have

-1
Z T Xk, lIXk p
N,

kesS,

D (A -r)Xke D (1 - p(Xi))Xk,

A, <
Ly 7N, N,

op Il keS,, keU,, 2

By Lemma 17,
-1

= Op(1),

.
Z I”ka’an’a
Ny

keS,

op
Moreover, applying Lemma 9, by setting Ty := n,:lxk,a, wg =1 —rg, since

m [Hﬂ';lxk,a”%] C2
N, /12

lim sup

V—00

keU,,

almost surely, it follows that

2
1—rg)x 1- X 1
Z( k) k,a_Z( PK)Xk,a =0p( )
keU, 7Ny keU, Ny 2 \/n_"

Hence, A1, = op(1). For A,,,, we obtain

T -1 . .
Ay, < (Z rkaN&) B ( Z p(Xk)n;Xk’an’a)
kesSy Y keU, v op
% Z U‘PE\?{%))Xk,a
keU, v )
Equation (31) gives
D MXkaXia _ 3 POOTXLX, | ( 1 )
keS, N, KT, N, Op_ P \/n_v .
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Lemma 15 and Lemma 18 state

1
Z Xk, Xy o P (XK) 7k
N,

keU,,

= Oz (1),

op

-1
T
Z rka,an’a/
Ny

keS,

op

respectively. Using Lemma 14, we obtain

-1 -1

T T

Z Xk, aX) g Z p(xk)nkxk’axkﬂ
Ny Ny

kesS,, keU,
Finally, note that

Z (I = p(Xk))Xk,a
N,

Xk, o ll2
< 3 Bals g,

2 keU, v

keU,,
almost surely, we conclude that A, ,, = Op(n,, 1/ 2).
Treatment of (b). The term (b) can be bounded by

||E(l,v - ca/,v”2

D (A -r)Xka D (1 - p(xi))Xk,a

T -1
Z rkﬂ'ka,an’(l
Ny

<
keU, op |l keU, Ny keU, Ny
. (Z rkﬂka,aXZ’a)_l (Z p(Xk)ﬂ'ka,aX;;a)_l
keU, Ny keU, Ny op
% Z (] - P(Xk))xk,a
keU, Ny 2
= Bl,v + Bz’v.

For B, applying Lemma 10, by setting wi := 1 — ri, Tk := Xg_o and recalling that

E 2
lim sup m [”Xk,allg]

—00
v keU, v

SC§<00,

we have

(1 - rk)xk,a (1 - p(xk))xk,a
2. N, 2. N,

ol

keU,, keU,

2

= O:(1)

Also, using Lemma 17, we obtain By, = Op(n;l/z). For B, ,, applying Lemma 10, setting

Wi =1, Tx = ﬂkxk,axzﬂ, (30) implies

T T
Z FiT Xk, a Xy o Z P(Xk)ﬂka,an’a
N, N,

()

keU,, op

keU,,

(37
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An application of Lemma 14 gives

-1 -1

T T

Z KTk, X, Z (X)X, a X, o ( 1 )
- =0Op .

keU, Ny keU, Ny op Vity

As aresult, By, = Op(n, 1/ 2). Putting all things together, we obtain A, = Op(n, 1/ 2) and
B, = Op(ny"/?). This concludes [[€q., — €q.vll2 = Op(ny '?). O

B.2.2. Consistency of plug-in estimators

Lemma 7. Let @ € C and (¢q.,v)ven be a sequence defined in (8). Assume (S1)-(S3) and
(D1)-(D3). We have

2 L= ri + 1y (M, Xeca) > L menma)’| ( : )
_ = ]P) .

keS, Ny keU, Ny Vit

Proof. Consider the following decomposition,

Z 1- rp +rg (ﬂkE;,vXk,a)2 B Z 1- rp +rg (nkE(Tl,vxk,a)z

Nvﬂ'k Nv

kesS,, keU,,

IA

Z 1- rp +rg (ﬂ'k’(?;vxk,a)z 3 Z 1- ry +rg (ﬂ'k’é—;,vxk’a,)z

Nvﬂ'k Nvﬂ'k

kESV kESv

. Z 1- ry +rg (ﬂ'k’(?;,vxk’a)z 3 Z 1- ry +rg (ﬂkE;’vXk’a)Q

kes, Ny keU, Ny
- 2 T 2
N Z 1- ry +rg (nkca’vxk,(,) Z 1- rp +rg (ﬂ'kca,vxk,a)
keU, Ny keU, Ny
=A,+B, +C,,

where ¢, , is given by (36). Next, we will show A,, B, and C, converge to 0 with rate
-1/2

O]P’(nv / )

Treatment of A,. Using
,\ 2 o 2 o~ — 2 —~ — —
(c:;,vxk,a) - (cj;,vxk,a/) = ((ca’,v - ca,v) Xk,(l) +2 (ca,v - ca,v) Xk,a/c:l;’vxk,(l7

we obtain

A= (Tay o) = (M0 Xka)”
L=

kes, Nomi
@ x0)” = @xea)]
= kEZUV NyA
<y (€., ~Can) Xk0)” +2[€ Xk.a (€, — ) X .af

keU, Nya
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= Apy + Ay (38)

For A ,, having proved |[Cy., — Cqv 2 = Op(ngl/z) in Lemma 6, we have

1o (€., — %) Xta)’
Ay << )
z keU, Ny
1 —~T —_~ 2 ”Xk,(lH%
< 2lI€h, ~Canlly 3 5
keU, v

c: - 1
< IR Tl = 0 =)

iy

For A; ,, recall from Lemma 19, we have

limsup |[Cq,vll2 < o0

V—00
almost surely. It follows that
— 2 = — 2
A 2 Z (CavXk,a) Z ((€av = Cav) Xk,0)
2v S 3 —
Z keU, Ny keU, Ny
2 P Xk, all3
< Sl slhlieq, ~Casll Y, =3
keU, v

2
1
0~ ~ —~
< 1 Hca,v”ZHc;,v - Ca,v”Z =Op ( ) .

iy

As aresult, we have A, = O]p(l’l;l/z).

Treatment of B,.Leta; = 1 —ry + 1y (77;{'c'(,,vxk,a)2 for k € U,,.. Applying Lemma 9, with
Ty := ar and wy := 1 for k € U,, it remains to show

E 2
lim sup Z M < o0
VTR keU, Ny

almost surely. To this aim, write

E 2
lim sup Z % < lim sup NL Z (2(1 —ri)* +2r} (nkE(Tl’vxk,a)z)
v

v—00 keU, Vv—00 v keU,
- 1 ) 2
<timsup < 3" (24 2/ lBlxi,al?)

voe Ny keU,

< limsup2 (1 + C&IIEa,vH%) <

v—00

almost surely. This concludes B, = Op(n, 1/ 2).

Treatment of C,.. Note that

(C;l;,vxk,a)2 - (Ej;,vxk,a)z = ((ca,v _Ea,v) Xk,a)2 +2 (coz,v _Ea,v) Xk,an;,ka,oz-
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Using the result |[Co v —€a.v|l2 = Op(n,, 1/ 2) in Lemma 6 and following the same decomposition
in (38), we obtain

1 1
— Z 1- ry +rg (ﬂkzl’vxk’a)z - — Z 1- Iy + 1k (nkc;vxk,a)2
V keU, V keU,
1 —
< O @) - (€ k)]
V keU,
1 o " -
< Z ((€h.v — Carv) X)) +2 [0 Xk.a (Co.y — Cav) Xk,al
Y keU,

_ 1 — —
< Hca,v - caf,v||2 E ||Xk,(l||% (2“ca,v”2 + ”ca,v - ca,v“Z)
Ny
keU,,

- _ _ 1
< C§|lca,v - ca,v”Z (2”ca/,v||2 + ”ca,v - Ca,v”2) =Op (\/I’l_) . (39)
v

Overall

Z 1- ry +ri (ﬂ'kca’vxk,a) Z 1- ry +ri (ﬂkca’vxk,a)
NV7Tk Nv

o)

keS,, keU,,

Lemma 8. Let « € A and assume (D1)-(D3) and (S1)-(S3). We have

1

— (M, e — nk,a)z = op(1),
Ny keZ:Uv

where Ny is given by (9).
Proof. For an arbitrary k € U,,, we decompose
=~ T T T
Nk,a — Nk,a = Xg oPa Tk (1 + ﬂkca,vxk,(z) ()’k ~ Xk a a,v)
T ~ T 3
- (Xk,a a,v + 7k (1 + ﬂ'kca,vxk,a) ()’k — X, a,v))

~T T 7 T T
+ rkirkca’vxk,axk’a a = rkﬂkcw,vxk,axk,aﬂ

n -~ T
(1- rk)X;cr,a ( a _ﬁa,v) — TiTTg (ca,v - ca,v) Xk,aYk
+ rgmk (E(X,V - c(x,v)TXk,aX;l;a (Ba,v _ﬁa)
+ rkﬂkc-(ry,vxk,ax;cr,a (ﬂa,v _ﬁa/) + rkﬂk(ea,v - ca,v)Txk,aX;(r,Q s

since

—

—~T T T T
TkTKC o Xk, a Xy oBa — TkTkCq v Xk, a Xy o B
— T - (3
=Tk (ca,v - ca,v) Xk,(lxk’a (Ba,v _ﬁa/)

T T (B ~ T T
+IkTTkC o v Xk, aXg o (ﬂa,v —ﬁa) + Iy (ca',v - ca,v) Xk,aXp oPa-
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On the other hand, according to Lemma 17, we obtain,

(Z rk”k’:lvaxka) Z (l—rk)Xka

keU,, keU,,

=0:(1).  (40)
2

”ca,vHZ <

op

Combining the results that ||Ea,v —Ba.v|l = op(1l) in Lemma 3 and |[C,.,, — €q.v]l2 = 0p(1) in
Lemma 6, an application of Cauchy-Schwarz inequality gives

Z (Mk,a = Ni,a)” T]k )’

keU,,

_ Z Mk, = Mk,a)” Uka)

keU,

=5 Z ((1 - rk)xk a (ﬁaf _ﬁ(y,v) — kT (ca,v _Ea,v)T Xk,aYk
Ny keU,

o~ T o~
+ Iy (ca,v - ca,v) Xk,a/xz’a ( a,v _ﬁa)

2
B - T
+ rkﬂkc;,vxk,ax;{r’a (Ba,v —ﬂa) + rpmy (ca,v - ca,v) Xk,ozxz,a (x)
5 ~ 2 R . )
< N_ Z ((Xz a (ﬁa,v _ﬁa/)) + ((ca,v - ca,v) Xk,a)’k)
T n 2 T T —~ 2
( Ca,v — Cq, v Xk,axk,a (ﬂa,v —BQ)) + (ca,vxk,axk’a (Ba/,v _BQ))

2
T
( Cao,v — ca/v Xk,axk,a a) )

-~ Xk, o l13 Vi Xk, o ll3
2 >l - 2 k @l
<5lBay—Ball} ) == +Sl€aw —Canly| D) 354 D

keU, v keU, 'V \keU, Ny
- 1k l13
AT~ 2 >l
+ 5By = Balll€ay —canlly D)~
keU,, v
-~ [Ixx (1”4
2 2 >l
+51Bay ~BalBlleasly D) —5=
keU, v

1%, 014
AT 2 1)
+501Bal3Cay — canll} D. 2 = 0p(1).

keU, Ny

Finally, we conclude

~ 2
Z (le,aNUk,a) — oe(1).

keU, v
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B.3. Additional Lemmas
B.3.1. Technical Lemmas

Lemma 9. Let (wWy)keu, be i.i.d. random variable satisfying E, [wi] < b for some b > 0
almost surely. Let (Z,r,v)veN and (Z.,),ex be a sequence of matrices in RY*% defined by

5 Z wi Ty
Z7r,v = N.
keS, v

and
E T
Z, = Z q[Xk] k’
keU, v
respectively. Assume (D1)-(D3). If {Tx }keu, satisfies
1
lim sup — E Till%] <
m sup - kEZUV o [Tl ]

almost surely, then we have

= 1
|2~ 2.1, = 0 (7=

Proof. Recall that for arbitrary matrices B, we have |[B||,, <||B||r. For any € > 0, an
application of Chebyshev’s inequality gives

_ 1 _
IEDmpq (||Z7r,v - Zv”op > f) < zEmpq [”Zn,v - Zvllzz)p]

IA

1 —~
zEmpq [”Zn,v - Zv”%?] .

We proceed to evaluate

[ 2
~ wi T E, [wi] Tk
Empq [”Tﬂ,v - Tv“%«“] = Empq Z N - Z qN—
1l kes, v keU, v F
(Irwi — 7By [wi) (wg — mBy [wi DT Ty
=Eppg | Tr
N2
| keU, leU, v
_g (Irwi — mByg [wil) (iw — mBg [wi)Tr (T T)
| keU, leU,,

(41)

Whenk = l,wehavequ[(Ikwk—nk]Eq [Wk])(llwl—ﬂ'lEq [Wl])] = ﬂk(l—ﬂ'k)vq [Wk].WhCIl
k # 1 € U,, we have ]qu[(lkwk - ﬂ'qu [Wk])(11W1 - 7T1Eq [Wl])] = AklEq [Wk] Eq [W[] .
As aresult, (41) reduces to

B Z (Irwi — By [wil) (Lwy — mBq [wi])Tr (T T))

2
keU, leU,, NV
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Z (1= 1)V, (Wk)E [Tr (TTT%)]
m k

keU, N‘%
AyE E
oy 3= q[wj\’i q[wk]Em [Tr (T7T))]
keU, leU,, v
I#k
b Em [ITx13] |Eq [Wil Eq [wil |
< — — +t max |A| E, |[Te (T T
Vk;v N max A kEZU:v z;v 2 m [[Tr (T7T0) |]
b Ea [T
- V keU, Ny
A E E
 temtten, [l 5 Ba e e R,
My keU, leU, Ny
b m [T kll% ] 1By [wi] Eq [wi] | B/ g2
< — Tkll%] B [IT:117]
Ny keZUv Ny "V keZUV l;v N% : "
b m 1Tkl % ] EZ [wi] )
< — —Em T
N keZUv Nt kEZUV B [ITklI7]
||T 2] A E, [w?
c b5 EnlE] & Balvily e
Ny keU, V keU, v
b Z ”TkH @ Z Em [IT]1%]
Ny keU, v keU, Ny
The result follows. m]

Lemma 10. Let (wi)keu, be i.i.d. random variable satisfying E, [wi] < b for someb >0
almost surely. Let (2 pv)ven and (Z,),en be a sequence of matrices in RY*% defined by

= wi Ty

Z v = )
12 N
keU, v

and

Zv _ Z Eq[wk]Tk’

keU, Ny
respectively. If (T )reu, satisfies
Till%
V7R ke, Ny

almost surely, then we have
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Proof. By evaluating E,, [||2p,v - Zvllgp], we have

2

Z (Wi = Ep [wi]) T

Empq ”zp,v - Zngp] < qu N
\Y

keU, F

= Eumg Z Z Wk = Ep [wi]) (wlN—%Em [wi]) Tr (T T))

| keU, leU,,
Z Vy(Wi)Bpm [Tr (T7Tk)]
N?

keU,,
D Eq(W)Em [ITkl%]
keU,, N‘%

b En [IT2]
N N, ’

V keU,
from which the result follows. O
Lemma 11. Foranyn € N, the map L>, : P({1,2, ..., p}) — R, defined by

2
Tk

keS,,

T

PR
o — 0 —
Tk

keS,

A-!

r,a

is, almost surely, a strictly increasing set function, that is, a1 C ay implies Lr(a1) < Lo(az).

Proof. Letay,a; € P{1,2,..., p}) such that @; C a,. Then,
-£2,n ((1’1) < LZ,n (a/Z)

X! X

k,a; -1 Xk, k,a; -1 Xk, a»
= V' ) | Y ey > e

Nzrk) ra ( Nnk) ( Nnk) r’az( Nﬂ'k)

keSm keSm, keSm keSm,

=

This amounts to showing that one quadratic form is almost surely less than the other. We start
by expressing A;’laz in terms of Ar_,la]~ Let Ay ay,a0-a1 := X, o, Xr,ar— ey fOT arbitrary a; C as.
Note that

Ar,(xz =

Ar,(l’z_a'l,al Ar,a’2_a/l

Ar,aq Ar,(tl,az—al)

Using a block-matrix inversion formula (see, e.g., Horn and Johnson (2012), page 25), one
can show that

-1 -1 -1 -1 -1 -1
A + AL 0 Arana-arS” Arap-ar.m A —AL 0 Ara,a-ayS

r,a) r,ag r,aj r,a

ATl =

r,an

-S4, e AL st

ra
Therefore, writing
T T T
Z Xeoo | Z Xi Z Xt an—a
Ny Nrmy’ 3 Ny ’

keS, keSm, keSS,
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some algebra shows that
T
Z k a Z Xk, ar-ay Xk, a Z Xk,ar-a
s, Nme (G5 N ) raz( ' Nme' S N )
({2
keS,, Nnk o keS,, Nﬂk
AL A, az_m)

T T
N Z Xt an—a Z Xk, rm
Ny Ny

keS, keSm

X, I AN A oo\
-1 k,ay—ay k,a1“'r, 01 r,ax—ag
xS ( Z Noe E Nt ) . (42)

keS, keSm

Hence, showing £ ,(a1) < L2.,(a2) amounts to show that

T T
Z Xk, ar—a Z Xp o Ar, o Ar.ara
N7Tk Nﬂ'k

keS, k€Sm
T T T
X X A A _
_ k,ap— k,a “7°r, a r,az—aj
xS‘(Z %‘Z Nl ) >0 (43)
Kesy, VK KESm Tk
almost surely. To that aim, observe that S can be written as
-1 T
S = Xr @—-a (Inr - XT,(YlAr,er,al) Xr,ar-ay-

The matrix S is a gram matrix of linearly independent vectors, thus positive definite, which
shows (43) and thus £, ,(@1) < L2, (a2) holds almost surely. ]

Lemma 12. Let @ € A and assume that the intercept is included in . Then,
-1
Ex [(1 - p(X))X;] (EX [P(X)XaXZ]) Ex [p(x)xo] =Ex [1 - p(x)].
Proof. Write x}, = (1, X!, ), where x! _, is the covariate without the intercept. As a result,

Ex[p(x)] Ex[p(x)x,_,] ) ‘

Bxlpoxaxal = g | poxant] Ealpxaixt ]

Using the block matrix inverse formula, we obtain

-1
(Ex [p(0)x0x7])
1 1 -1 1
_ (Ex[p(x)] + Elp(x)] [p(X)X _1] Ma_lEx [P(X)Xq-1] _Ex[p(x)l]Ba—l
T -
L M,

a—1

where M o_1 = Ex [p(x)Xq-1x],_,| = Ex [P(®)Xa-1] (Bx[p(x)]) "' Ex [p(x)x] _, | is a posi-
tive and definite matrix and B ,_; = Ex [p(x)x;_l] M;l_l. As a result,

-1
(Ex [P(x)xaxy]) " Ex [P(X)X0]
1 1 -1 1
:(Ex[m)] * BHmE [P(X)X(Ty ML E [p(0Xat] —grpmyBa-

4
~spwTBa-1 M,
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( x [P(x)] )
Ex p(X)Xa—l]

E
[
(1
B 0&—1 ’
This leads to

Ey [(1 = p(0)xL] (Bx [p(0%ax]]) " By [p(X)Xa]

- (1= B0 pg ) [ ) =Bl = po)

a-1

O

Lemma 13. Assume (S1)-(S2). Assume also that there exists p > 0 such that p(x) > p almost
surely. Then, there exists & > 0 such that

1 Dy s e =1
A Fmea |y =€) =
almost surely.

Proof. Observe that

Eq [nrv] = Z P (Xt), and, Vg (n ) Z p (X)) {1 =p(xx)} < i

v (es, v my kes,

Therefore, Chebyshev’s inequality shows that, for all € > 0,

P, ( Z p (%)

V keS,
almost surely. On the one hand,

ny

1
>el| < — 0
4€2n, vooo

=Y pix > min p (x¢) 2 p

v keS,

almost surely. On the other hand,

(‘———Zp(xk) <e)_ ( Zp(xk)+e)
My keS, Y keS,

v keS,
nyy
<P, (p —€< ) .
ny

Using that mingcy, p(Xx) > p, we set £ := p — € from which it follows that

)>hm]Pq(n >e)—1
V—00

V—00

lim P, (

almost surely. Furthermore,

V—00

lim g (””V > g) -1

almost surely. m|
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Lemma 14. Let {A,}, ey and {B, }; be p X p invertible matrices such that || A7 lop = Op(1)
and ||B;! llop = Op(1). If there exists a sequence {u, }yen such that

14y = Byllop = 05 (u3').
Then, we have
||A\j1 - B\jl”op = OIP (u\jl) .

Proof. Recall the Schwarz matrix inequality (see Hansen (2022), B.15 in Page 981), for any
squared matrices A and B, for the spectral norm, [[AB||,, < [|Allopl||Bllop. As aresult,

”A\jl - Bglllop = ”A;1 (Ip - AVB;I) ||0p < “A\jlnoplllp - AvB;luop
= ”A;1”0p” (Bv - Av) B;1”op
< 143 o 1B lop By = Avllop = O (15"

This concludes the proof since ||B, — A, |lop = [|A, — B, ||,p forall v € N. |

B.3.2. Tightness of various statistics of interest

Lemma 15. Assume (S1)-(S2) and (D1)-(D3). For a € A, we have

-1
Z P(XK)TkXpe,aX ),
Ny

keU,
T
Z p(Xk)ﬂ'ka,an,a
Ny

=0p(1).

op

Proof. Using (D2) gives

» X)Xk aX]

>
Ny

op

2

keU,, keU,

op

On the other hand, using the law of large numbers and the continuous mapping theorem gives

P(XK)Xk,a X, 5.
/lmin ( Z ‘ k,(l) - Soo /lmin (EX [p(Xl)Xl,axl,a/]) ’

vV—
keU, Ny
< e)

. p(Xk)Xk’(,XZ
< Vh_)noloPqu (/lmin ( Z N—a > Amin (Ex [p(xl)xl,axl,a]) —€|=1
keU, v

which is a positive-definite matrix. As a result, for any € > 0, we have

P(Xp)Xk, X
Amin ( Z #) - /lmin (EX [p(xl)xl,axl,d])
keU, v

|

Furthermore,

_ P (X)X, X
vh_f)lgo Pripq (/lmin ( Z N ) Admin (Ex [p(xl)xl,axl,a]) —€|=1
keU, v
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almost surely. This concludes

-1
P X)Xk, X, o P(XO)TXk, Xy o oul
keU,, v op keU, v
O
Lemma 16. Assume (S1)-(S2) and (D1)-(D3). For a € A, we have
-2
. P(X) KXk aX] ,
lim sup Z - < 00,
V—00 NV
kGUv op

Proof. We have

Z P X)Xk, Xy, - Z P(XK)X[  Xk,a

KeU, Ny op keU, Ny op
Also,

B p(Xk)Xk,an;(r a.s. _
ﬁm%n ( Z N - oo /lm%n (EX [p(Xl)Xl,Qxl,a]) s
keU, v
which is a positive-definite matrix. As a result,
Xk, aXy o P (Xk)
lim sup/l,;%n ( Z a];v—a < o0
v—e keU, v
almost surely. It follows that
)
P(Xi) Tk Xk, a X, P(Xi) KXk, a X,
lim sup ( Z N ‘ k’“) = limsup 4,2, ( Z N Tha
Voo kGUv v op v—eo kGUv v
almost surely.
O

Lemma 17. Assume (S1)-(S2) and (D1)-(D3). For a € A, we have

»

keU,,

rkﬂka’aXT

k,a _
v = 0x(1).

op
Proof. Recall from Lemma 2, there exists universal Cy, C,, and y > 0 such that
rpm ka’ XT
Py (/lmin ( Z $) > ’)’) >1- Cle_CZN"
N,
keU,,
almost surely for large v. As a result, we obtain

-
) FETkXk,aX)
}Lflgopmpq (/lmin ( Z N—a) > 7) =1
keU, d
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It follows that

-1
Z T Xk, (IXk @
N,

keU,,

FETkXk oX
- ( D M) = 0s(1).

op keU, Ny
This concludes the proof.

Lemma 18. Assume (S1)-(S2) and (D1)-(D3). For a € A, we have
A -1
)

Proof. Recall from (31) and (37), we obtain

= 0s(1).

op

Ar a Z (Xk)ﬂ'ka axk a
Ny

keU,
and
FkTkXk, o X,

Z ka Z p(xk)ﬂkxk,axzya
N, N,

kGUV kEUv

()

op

respectively. An application of the triangle inequality of operator norm gives

Ao Tk Xk, an @ 1
-y e o L),
Ny keU, op v
It follows that
Ao rkﬂka,aXZ,a Ao Vkﬂka,aXZ,a
/lmin N - /lmin Z N N - N—
v keU, v v keU, v op

1
()
Ji
As a result, for any € > 0

A, T Xk, aX
A | —2=
min ( v ) mm ( Z )

eU, Ny

V—00

)

. Ar,a/ rkﬂkxk’axk,a
Svll_f)lgopmpq (&min( N )Z/lmin(z N—v —€|=1.

v keU,

lim Py, ,q (

Recall from Lemma 17, there exists y > 0 such that

I’kﬂ'ka,aXZ
Jim Py (ﬂm ( 2 N—) : 7) -t
keU, v

Note that for any random variables X, Y and any y, € > 0, we have

Prupg (Y 2 ¥) < Pupg (X 2y —€) +P(IY — X]| > €).
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Thus

FEMEXk o X)
Pimpq (/lmin ( Z N—a) 2 )’)
%

keU,,

A
< Pmpq (Amln (%) = Y~ 6)
v

Ar o I’kﬂ'ka’aXZ a
+ Pmpq (/lmin (_) = Amin ( Z —
Ny keU, Ny

It follows that

A
lim P,,,pq (/lm,-n (—") >y - e) =1.

y—00 Nv
Aro\”!
N,

Lemma 19. Let (¢4, )ven be a sequence of estimators given by (36). Assume (S1)-(S3) and
(DI1)-(D3). We have

This suffices to conclude

op
O

limsup |[¢q,v ||§ < o0,

V—>00

Proof. Recall that

-1 4
_ P (X)X, a Xy, (1 — p(xx))xx
Canlls = (Z SA [ DAL

keU, Ny keU, Ny 2

( p(xk>nkxk,axz(,)” ) (1 - px)xpa |
<> : D -
keU,, NV op Il keU, NV
pxoxeax] (1 - pxi)xeca ||
<> ——= >, =
keU, Ny op Il keU, Ny 2

On the one hand, by the law of large numbers and the continuous mapping theorem, we obtain

~1 4
P(X)Xk, X , B P(X)Xk, X[ ,
o ke . T ke

2 N, in| 2, N,

keU, op keU,
a.s. —4 T
V—s00 /1min (EX [p(xl)xlsaxl,a]) .
This implies
-1 4
-

. P(Xk)xk,axk’a

lim sup Z — N < oo.

Voo kGUV v op
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On the other hand,

Z (1 = p(Xk)) Xk,

4
4
X
< Z || k,a”z ch
N, Ny

2 keU,,

keU,,

almost surely. As a result, we conclude

limsup [[cq,y ||‘21 < 00

V—00

almost surely. o

Lemma 20. Let a € C. Assume (S1)-(S3) and (D1)-(D3). Then,

4

nk,(t

lim sup Z < o0

—00
v keU,, v

almost surely.

Proof. Using the result of (46), we obtain

4
Z Tea _ Z 8|1k, all311Ball3 + 8(8 + 877llca I3 ]Xk.all3) €

keU, Ny keU, Ny

4

€
< 8CHlIBall3 +64(1 + Cillealld) D +-
keUu, Y

Since

4

€

E * 2B, [Eﬂ < Mo,
N, v—oo

keU,,

we have
. €
lim sup E — <00

—00
v keu, VY

almost surely. Combining with Lemma 19, we obtain

4
nk,a

lim sup Z < o0

—00
v keu, VY

almost surely. m|

B.3.3. Finite moments of various statistics of interest

Lemma 21. Let @ € A and {cq.v}ven be the sequence of statistics given by (6). Assume
(S1)-(S3) and (D1)-(D3). For a € C, there exists a constant K such that

By [leanll] <K

almost surely.
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Proof. Write

-1

-

B rkﬂ'ka,an’a, (1 — rk)xk,a oAl

Ca,v = N— —N = Aa,vba/,v-
keU, v keU, v

‘We have

1
<+ 2 U =mlxeala<Co.  @4)
2 V keU,

1
v 2, (1= )Xk

V keU,

||ba/,v||2 = ’

Moreover, recalling that we condition on the high-probability event &y defined in Remark 1,

we have
T _1
( Z rkﬂka,an’a)
keU, Ny

-1
”Aa,vHop =

:
~ FETkXk,aX) 1
= Arnin ( > N—C’) < @)
v

op keU,,

for some constant y > 0, independent of N,,. Finally, combining (44) and (45), we have,

pointwise

C4
4 -1 4 4 0
”ca,vllz S||14a',v||()p”b(l,v”2 S _4

The result follows by integrating on both sides.
O
Lemma 22. Assume (S1)-(S3) and (D1)-(D3). For a € C, there exists a constant M such that

n‘;i,a]
Z N =M

keu, VY

Eng

almost surely.

Proof. Using (a + b)* < 8a* + 8b*, we obtain

774
2N

Z (X;cr,aﬁa + rk(l + ﬂkc—cl;,vxk,a)fk)“
N,

| keU,,

<Emg | )

| keU,,

<Emg | )

L keU,,

4
3 (X0 oBa) + 85 [¢f] By | (1 + mee] xia)’|
N,

8(xz’aﬁ(,)4 +8(ri(1+ 7rkc;vxk,(,)ek)4
N,

Ny

S(XZ’MBQ)4 +8(1+ ﬂkc;’vxk,a)%q

3

keU,,

- Z 8lIxk,all3IBall} + 8Em [€f] (8 + 87, Ey [licall3] Ixk.all3)
< N

keU,,
< 8||B4l15Cy + 64Mo + 64MoCoE, [llea ]3] - (46)
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Using Lemma 21, we conclude

almost surely.

Z.Anetal.

0O

Lemma 23. Assume (S1)-(S3) and (D1)-(D3). For a € C, there exist constants K| and K,

such that

Emng [(anl,v(Of))z] < Kj,

almost surely.

Proof. Write

o | Pan(@)| < Ko

- n Nk,a M1,
ny [Viu(e)| = = —2L Ay
Ny o, o, Tk T
ny |77k [ 172,
<o 3 3 il
v keU, leU,
2
_ml-a Mea | Ny Z Z |77k,a||771,a||Akl|
N, A4 : N, N, &5 N, mimy
1#k
2
n, 1-4 Z M« |77k (1”771 (xl
<My ’ max [agl Y 3 Veellinal
2
Ny 4 keU, Ny N /1 k#lely keU, leU,
I1#k
< n_vl -A 77k a nv 77k
2
N, A4 T N, /1 k#leU, &

As aresult, using Lemma 22 and integrating on both sides of (47) leads to

almost surely. Next, write

ny |V2,v (a')| =

v

2 2 \2
n,1-14 n, Mk, a
N, a1tz 1Bulf Bmg 2 N
v keu, VY
-2 4
n, 1 -4 A Uk
(3o ) = | 35 ] =
v keu, Y
n,o 1- ry +rg (JTkCa v Xk a)
Ny keU, Ny
I’lv0'2 n‘,O'2 ||Xk,a||2
< B+ B e} Y
v v Keu, v
ny, o2

(1+CRlleal})

47

(48)
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Integrating on both sides of (48) leads to

P
n;o

Eq [(”vVZ,v(a’))] < N2

(2+ 28, [leanld]) < Ko

almost surely using Lemma 21.
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